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ABSTRACT
The self-excited oscillation of a square section vertical
cantilever beam and a square section sagging suspended cable in
a uniform wind stream was investigated theoretically and experi-
mentally.
Experimental quasi-static representation of aerodynamic
forces was used to determine the responses theoretically. The
excitation is due to negative damping type aerodynamic forces
and the amplitude is limited as the forces become nonlinear. The
governing equations were reduced to ordinary differential equations
by Galerkin's method and steady state solutions were determined by
harmonic balance technique.
For the cantilever beam, the solutions agreed qualitatively
with the experimental results but failed to predict some peculiar
amplitude drop-off behavior observed in the experiment. In these
cases the response was found to be very sensitive to small changes
in initial angle of attack.
For the suspended cable, both structural nonlinearity due
to tension and aerodynamic nonlinearity had to be considered. The
agreement between theory and experiment was good for the frequency
response but only qualitative for the amplitude response.
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SECTION 1
INTRODUCTION
Among the study of wind effects on non-streamlined struc-
tures (Refs. 1, 2, 3, 4), the self-excited oscillation of square
section, cylinder-like bodies has been a subject of research for
many years. The two basic exciting forces which act on the body
are due to
(a) The Karman-Vortex shed alternately from either
side which exert periodic forces on the body
(b) The aerodynamic lift and drag forces due to
asymmetric flow, including the effect of wake,
flow separation, reattachment, etc.
The vortex shedding is responsible for high frequency, low
amplitude oscillations often called Aeolian vibrations and has
been observed in bluff bodies with or without sharp edges such as
stretched cables, tall towers such as rockets in launching pad,
smoke stacks, etc. The oscillations usually occur when the
natural frequency of the flexible body is close to the vortex
shedding frequency (Ref. 5). Since the Strouhal number is usually
known (Ref. 6, 7, 8), this kind of resonance vibration takes place
at a known wind velocity and can easily be avoided.
The self-excitation due to the aerodynamic lift and drag
forces usually occurs in bluff bodies with sharp edges and is
commonly known as galloping. It has been observed in a space
shuttle on a launching pad (Ref. 9), tall buildings (Ref. 2) and
overhead power transmission lines during a sleet storm (Refs. 10-
13). This kind of self-excitation can take place over a wide range
of wind velocity independent of the natural frequency of the body
and is the main subject of study in the present report, using a
square section vertical cantilever beam and a suspended sagging
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cable in a uniform wind stream free from turbulence.
The aerodynamic properties of bluff bodies exhibiting
galloping oscillation are such that at a certain initial angle of
attack the aerodynamic lift force induced by a small transverse
motion of the body, acts in the direction of the motion. This
results in a negative damping type exciting force. The explana-
tion was first given by Den Hartog (Refs. 14, 15). Parkinson and
associates (Refs. 16-21) have analyzed the one degree of freedom
transverse oscillation of square section prism suspended by linear
spring, using quasi-static representation of aerodynamic forces.
The resulting nonlinear equation is solved by Krylov Bogoliubov's
asymptotic method. A good theory to experiment agreement is
observed except when the structural damping is very small. Novak
applied the quasi-static theory using energy balance to a two-
dimensional body in form of a rigid square section prism pivoted
at the base (Refs. 22, 23) and obtained qualitative agreement with
the experiment and did not get the hysteresis in the experiment
originally observed by Parkinson. Working with rectangular pris-
matic pivoted cantilever, Novak again obtained qualitative agree-
ment with the experiment but observed some interesting response
characteristics (Refs. 24, 25). In all the above studies the
specimen was constrained to move only in transverse direction and
were initially kept at zero angle of attack.
In the present report, a square section cantilever beam is
considered which is free to move in any direction without twist-
ing. Quasi-static representation of aerodynamic forces is used
to determine the response at various initial angles of attack,
theoretically. Experiment is conducted to examine the applicabil-
ity of such a theory for large 3D displacement. The system is
governed by a pair of nonlinear partial differential equations.
The nonlinearity arises from nonlinear aerodynamic forces. They
are reduced to ordinary differential equations by Galerkin's
method and solved by harmonic balance technique to determine
2
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steady-state limit cycle amplitude. Qualitative agreement with
experiment is observed at low amplitudes, but as the wind veloc-
ity is increased peculiar response is observed in certain cases
which cannot be explained by quasi-static theory. The static
forces are found to be quite sensitive to slight imperfections,
sharpness of the edges and Reynold's number. It is believed that
the forces are even more sensitive to these factors when the body
is in motion and the averaged static force measurements are not
sufficient to explain them. The quasi-static representation is
explained in Section 2. Sections 3 and 4 contain the cantilever
analysis and experimental results.
The galloping of power transmission cables have been
studied by Hogg (Refs. 11-12), Richards (Ref. 13), and many other
authors., Richardson and Martuccelli (Refs. 26-29) worked out two-
dimensional, three degrees of freedom dynamics of a D section with
linear spring and piecewise linear quasi-static aerodynamics.
They also measured aerodynamic properties of two-dimensional sec-
tions of various shapes. None of these studies consider the
aerodynamic excitation of the power transmission line as a three-
dimensional catenary in writing the elastic part of the equations
In this case the tension in the cable along with the non-linear
aerodynamic forces are responsible for limiting the amplitude.
Thus structural nonlinearity arising from the tension terms is
also important in this case.
In the present report, galloping of a sagging cable of
square cross section has been obtained experimentally in a wind
tunnel. The motion is governed by two non-linear partial differ-
ential equations which are reduced to non-linear ordinary
differential equations in time using Galerkin's approximation
and are solved by harmonic balance method using only two equations.
Good agreement is obtained in the frequency of oscillations but
the amplitudes are in qualitative agreement only for two particu-
lar sags. From the experimental results it is observed that the
3
aerodynamic lift forces do not reach the values given by the
quasi-static theory due to the lack of spanwise correlation. The
cable analysis and experiment are described in Sections 5 and 6.
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SECTION 2
AERODYNAMIC FORCES ON SQUARE SECTION BODY
2.1 Introduction
In this section the various aspects of flow aroung a fixed
or movable square section body and the nature of the resulting
forces has been discussed. Attention is restricted to uniform
subsonic flow. The flow around bluff bodies with sharp edges
have some different characteristics in comparison to the flow
around a cylinders. These are pointed out in Section 2.2. The
quasi-static representation of aerodynamic forces on a translating
square section body is explained in Section 2.3 and is used in
subsequent sections.
2.2 Aerodynamic Forces
Many experimental investigations of flow around a circular
section body have been done in the past but available experimental
results for a square section body are relatively few even though
the flow around bluff bodies with sharp edges have some interest-
ing characteristics. The basic differences between the two flow
fields are the following:
(a) In a circular body the flow separation can occur
at different locations of the body depending on
the Reynolds number and the flow condition of the
wake. In square body, separation can occur only
at sharp edges.
(b) Because of fixed separation point, there is a
stronger spanwise correlation of forces on a
square cylinder than on a round one (Ref. 33)
Thus, on square section cylinders, the overall
aerodynamic forces are stronger.
5
(c) When the flow is at an angle of attack due to
the asymmetry of shear layer separation from the
edges and presence of the afterbody in the sepa-
rated flow, the lift forces on the square sec-
tion are considerably greater than that for the
circular cross section (Ref. 33).
(d) Reattachment of separated flow is possible at a
certain angle of attack and separation point can
shift from front edge 1 to the rear edge 2 at
higher angles of attack as shown here in Fig. 3
(Ref. 19). Due to considerable change in wake
width, the drag varies considerably with angle
of attack reaching minimum value at the angle
of attack when reattachment first occurs
(Fig. 3c ). The lift forces reach a maxima at
this angle.
The effect of the Reynolds number on a square section
is similar to that of circular section except for the drop in drag
at critical Reynolds number 4 x 105 since the separation point
is fixed. However, when the edges are slightly rounded, similar
drop in drag at Re 6 x 106 (for r/b = 0.176) has been observed
by Delany (Ref. 34). The Strouhal number is 0.13 at Re = 3000
and changes very slightly with angle of attack and Reynolds number
(Refs. 6, 35).
When the bluff body is flexible and can oscillate trans-
versely, the spanwise correlation of forces increases even with a
circular cylinder. The shedded vortex can excite the body if the
shedding frequency is near its natural frequency. The oscillat-
ing body in turn exerts some control on the shedding phenomena
and the shedding frequency locks on to the oscillation frequency
over a short range of velocity instead of following the Strouhal
number relationship (Refs. 5, 20, 36). Extensive study of wake
6
behind an oscillating circular cylinder has been done recently by
Toebes (Ref. 37) and Griffin (Ref. 38). The vortex shedding
frequency of the present specimen is quite high compared to its
natural frequency and thus does not affect the response appreci-
ably.
2.3 Quasi-Static Representation
Let us consider a square section body translating in a
uniform fluid stream with a velocity W along the Z direction as
shown in Fig. 2c. The induced angle of attack due to the veloc-
ity is given by tanp = W/U. In quasi-static representation of
aerodynamic forces it is assumed that the forces are the same as
if the body were at rest in a uniform stream of velocity UREL at
an angle of attack B. Total forces normal to and along the
UREL are
L = /ou 2 b C( Ibs/
D = /OUL b CD() , (2.1)
In actual flow the development of forces due to an induced angle
of attack may not be instantaneous. It may differ both in magni-
tude and phase. In quasi-static representation these effects are
neglected. Since no theory exists to predict the unsteady aero-
dynamic forces on a bluff-body with turbulent wake, the unsteady
forces can only be determined by carefully conducted dynamic tests.
For square section body, no such results seem available.
Resolving the forces along Z and Y direction which are
normal to and along the free stream direction and noting that
UREL = U SecO
- =2 b se2 r -CLCO - C S& ]
Fy I 2 FUob s ec [ CD CosB -CL S n ] (2.2)f~~~~~~~~
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Fz is taken positive in the direction W. To use FZ, Fy in equa-
tions of motion it is convenient to express them as algebraic
functions of W/U, i.e., as algebraic functions of tanB. One
possible way is to define new force coefficients acting in the
direction FZ and Fy such that
F = fU 2 b C( )
Fy = ½£U2b Ccc() (2.3)
where CN, CC are defined as
CN()= 52C [-cL(e -CDtOxf]
C(P) Sec( [ c() - CLtCnP] (2.4)
Considering the zero reference angle of attack to be the
position when one of the faces of the square is normal to the
free stream direction, CN, CC with respect to this origin can
now be determined as following. Lift and drag forces on a static
body at various angles of attack a (Fig. 2b) can be measured and
converted to CL, CD by dividing by -,PU2 b. CN, CC are then
computed using Eq. 2.4 . Here is taken equal to the static
angle of attack a at which the forces were measured. CN, CC are
now plotted against tane and fitted with a polynomial in the form
N
N
c = 1 Q (tap) (2.5)
n --o
In the equations of motion CN, CC are used as force coefficients
and tanB is replaced by W/U.
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Now let the body be initially at an angle of attack o
with respect to the free stream and translate without rotation
with velocity components V and W along Y and Z directions as
shown in Fig. 2d. Expressing F, Fy in terms of induced angle
of attack B in the similar manner one obtains
F = UF2 b [-c,(P-o)coop - CD (-ko) sC pl
Fy -1 UEL b [ c (- to)can - CL (-O) 5 - p] (2.6)
where
ao = Fixed angle (+Ve in the sense shown in Fig. 2d)
tan = /(U-V) (Induced angle of attack)
UREL = (U-V) Sect () = )
Here CL(B-ao) represents static CL measured at an angle of attack
(B-ao) where zero angle of attack is the position when one of the
faces of the square cross section is normal to the free stream
direction. Introducing UREL
FY=p(U-') 2b [ CD(Po) -cL(-oCO tOn 1sQC (2.7)
Now to express the forces in terms of W and V in a convenient
form, it has to be written in a polynomial form in tanB. This can
be done in two ways:
a) One can plot [-CL(8-ao) - CD(B-aO)tanS]Seca, and
[CD(-ao) - CL(B -aO)tanS]S ec, versus tanO at a fixed a and fit
it with polynomials of tans to give:
N
F. | Zi(o 0 ) ton.F oY1 = e
9
NF = UZb(I- )1Y 2 U A 20nt
(2.8)
The highest order power N can be chosen for a best reasonable
fit but must be kept minimum to avoid unnecessary complexity.
This procedure is not very convenient since at every ao, one has
to carry out the curve fitting numerically.
b) To avoid this disadvantage, it is desirable to express
Eq.2.7 in terms of CN and CC whose polynominal fit is already
known from Eq. 2.5. To do this one may write
ta ( P - ( t, (p -C) + to o)/ ( I - t - ,) t o,,)
:c ¢o)/ ( - t ( - (o) TVO E)in q. ( 7 and combin e th  C
in Eq. 2.7 and combine the C
(2.4) of CN and CC to get
C ( ,:)
L and CC terms using the definition
- CC ( - ) to 0-3 AC Lc
[c (-LIo)
(2.10)
This may be written in the final form as
F, =fuL ( l- [ C
FY = 2 b(l -) c.
(2.11)
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(2.9)
Al -tow( P -W) 6r (Y,-2
22I U/ N ( - q) tovy "( I /'C'- -( - t ( P -Q to M'X-
((- O.) -(.(c -Cy.) am C( I + I-amp LO'rO(XCO6,;IO(
( P 't) -i-C "( P- ) toinmk . + t tom Q"") ' C
Y, (c.) toxin 
2, pvb~ Ui~
Now introducing Eq. 2.5 in above, one obtains
where P" = P - QVIco
Q - Qy+ Po tOo
Eq. 2.12 can be expressed in the form (2.8) as follows. First,
one may write
I I- (,I-2)toptowo + (¢-z),- ) (t1~ tto.).
(2.13)
For example, for a square section the estimated maximum
wI tom o .5 . Thus if N = 6, Just one term in the above
approximation needs to be retained with only 3% error. Now
using Eq. 2.13 in Eq. 2.12, expanding the numerator terms fully
and collecting the coefficients of tan one obtains
N,
tl ,
1'=op Tj y (-,) tomy¢ (2.14)
Here Zn, Yn are known functions of o, Pn' Qnand can be computed
for any o. Z n ( 0c), Yn(Co ) for N = 4 are given in Appendix C.
In the equations of motion tan is replaced by W/(U-V)
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SECTION 3
CANTILEVER BEAM
3.1 Introduction
In this section the quasi-static representation of the
aerodynamic forces described in Section 2 will be used to
formulate the motion of a square-cross section cantilever
beam when placed in an uniform wind stream. Such a simple
structure is chosen so that the emphasis can be given to the
quasi-static representation of the aerodynamic forces and its
applicability can be examined thoroughly. The geometric non-
linearity due to large deflection of a cantilever beam is very
small and the force-deflection relation is linear up to tip
deflections of 25% of the span. Thus only the aerodynamic
nonlinearity needs to be considered here.
The beam has the same bending rigidity in all directions
and is thus free to translate in a two degrees of freedom
space. It has high torsional stiffness and does not twist
under the existing forces.
Even though the present model is free to move in any
direction, the motion is predominantly normal to the wind
stream direction when the square section beam is initially
at zero degree angle of attack. In Section 3.2 this one
degree of freedom motion is considered and solved by harmonic
balance method for initial introduction to the problem. The
solutions are compared with experimental results in Section 4.
This is the only case investigated by most authors. Moreover,
their models are constrained to move in lateral direction
only. In Section 3.3 the general case of two degrees of freedom
motion is considered and solved by harmonic balance method. The
essential features are pointed out with a simple example and the
justification of using one degree of freedom motion at zero
initial angle of attack is discussed. The solutions are
12
compared with experimental results in Section 4.
3.2 One Degree of Freedom Motion
Let us first consider the case when the beam is initially
at zero angle of attack with one of the sides of the square
section facing the wind stream and moves normal to the wind
direction as shown in Fig. 2c. The simple equation of motion
of the uniform beam is given by the well known expression
t7± d) - /) (3.1)+c + El 4=(  
Here w(x,t) is the displacement normal to the wind stream, U is
the free stream velocity and c is small structural damping
coefficient. It is convenient to express this in the form of
viscous damping since the vibration frequency is close to the
natural frequency. In general, at low subsonic speed, the
aerodynamic forces are small compared to the inertia and
elastic forces. m is the mass per unit length, P is the den-
sity of air which is considered incompressible, b is the dimen-
sion of the side of the square, and the right-hand side repre-
sents aerodynamic forces induced by the motion. Applying
Galerkin's approximation to reduce Eq. 3.1 into an ordinary
differential equation in time t using only one mode
W(i, t) b I (e, (t) = Xt (3.2)
where fl ( ) is the first bending mode shape of a freely vibra-
ting cantilever beam as given in Appendix A, the Eq. 3.1
becomes after nondimensionalization
d, + 2dA, + .=) IPU2 (3CZd~ 2 - 2 A (3.3)
o
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= D1 E_
A p2
= U/w,b
( First mode natural frequency )
( Damping ratio )
( Mass ratio )
( Reduced velocity )
and A1 and D1 are integrals of the mode shape and are defined
in Appendix A.
In quasi-static representation of aerodynamic forces
the static normal force coefficient CN versus tang curve is
represented by a polynomial in tan8 in the form Eq. 2.5
N
= E
n=o
N
PCN, ( Sae = X P( 3 .4))
T1~~~':ot 
Introducing Eq. 3.4 into Eq. 3.3 gives
N00 0 2 G ( /UJ;, + 2 + 
- J 1 L z I c ( c /lL)
where
0
(3.5)
c = P A = P I L,()]
'0'
d( )
d
14
where
w t
4;
lC
( )
The numerical values of An are given in Appendix A. Subtracting
out the static part from above and using ql to denote the dynamic
part, Eq. 3.5 becomes
+ ll 2 L Gn ( 1/t) + = (3.6)
where
(2 ¢l - 2 - P.)
_I !
The terms under summation sign contain all the nonlinear terms.
The solution of the linear equation is given by
a C- ( - + e (3.7)
a and % are arbitrary constants. When gl>O, the oscillations
die out. Beyond the critical velocity uc=4rl/pP1, when g1 <0,
the oscillations grow and full nonlinear equation need to be
considered. If the amplitude is plotted against time in a
semi log paper from an experimental transient record, the
initial slope should be linear and equal to the (puPl- 1) if
the quasi-static theory works. In general gll<<1l and the
frequency of oscillation is nearly equal to the natural fre-
quency.
The solution of full Eq. 3.6 is discussed in detail by
Bogoliubov (Ref. 32), Parkinson (Ref. 18) and many other authors
using the Krylov and Bogoliubov's method of slowly varying
amplitude and phase. The equations can have stable and unstable
limit cycle solutions, depending on the values of Gn. They
appear as concentric circles in the phase plane whose origin
is an unstable focus. In this report Eq. 3.6 is solved by
15
harmonic balance method to determine the limit cycle solutions.
The stability is checked by slightly perturbing the steady
state solution. All these methods involve the assumption that
the nonlinearity is small compared to the inertia and elasticity
terms and the oscillations are close to the sinusoidal motion
near the natural frequency. For a square section body in low
subsonic flow, these are realistic assumptions.
Let the steady state solution be given by
= a, SLn + b Cod t
(3.8)
Substituting Eq. 3.8 in Eq. 3.6, collecting the coefficients of
sinT and cost and setting them to zero one obtains
SinT:
16, + I 2 t.
n=3, 5.,
ca - I2 ' Z
'= '3.0 !
n-I
GV% b, (at+ b )
'n-I
_~ ,(L' o+ b ) 2G' OI(01+ 
where
- = G 2 n(n-(Y 2)( )-4) (3)(1)
(ni+- ) (- ) (n )(4(2)
Setting a= a1+b 1, Eq. 3.9 reduces to,
G (o./,U)Iq - I %t2 - O (3.10)
'n 3 5.
This nonlinear algebraic equation in a can now be solved to give
16
Cos :
= 0
(3.9)x
- O
the limit cycle amplitude at a given u and 41. Eq. 3.10 can
be expressed in another nondimensional form
- Io GqA)Y 0 (3.11)
n= , 3,5..
where (/
For a given (a/u), one can calculate u without solving Eq. 3.11
for a. The resultant plot of a vs. u serves as a master plot
for a particular CN vs. tanB data (3.4). This was suggested
by Novak (Ref. 23). It may be noted that (a/u)=(a/u) and the
induced angle of attack at the tip of the beam is given by
tanS=2(a/u) for our chosen mode shape. Thus the steady state
solution is given by
= ,(e) a S Z (3.12)
at a reduced velocity u-U/wlb. For example, for a fifth degree
polynomial fit in Eq. 3.4, Eq. 3.11 takes the form
_(.2.)_[p ) ·+ 1.761 + 4.17 p = o
Eq. 3.10 gives both stable and unstable limit cycle
solutions so each of the solutions must be tested for stability
Giving a small perturbation to the steady state solution, %1 is
written in the form
I - (as +± e ()) tin  (3.13)
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Here as is a steady state solution satisfying Eq. 3.10 and (T)
is a small perturbation from the steady state solution. It is
also assumed to be a slowly varying function which means that
the increase of such a function during one period is small com-
pared to the average value for that period
la rI<< I << I (3.14)
According to this assumption
a L -4G+ (t)]St + (3.15)
Substituting this in Eq. 3.6 coefficients of sinT get cancelled.
Setting coefficients of cosT to zero, cancelling out the steady
state solution and keeping only the linear terms in (T), one
obtains
2. (r) + dF() () = (3.16)
d s
where
F(a) = 2, - z° Xo (
n , 3,5..
It may be noted that F(as)=O gives the steady state solution.
Thus in order that the steady state solution be stable, one
must have d(a) positive at F(a)=0.da
A graphical representation of the steady state solution
and stability is explained below. Using the nondimensional
notation of (3.11)
18
__·_ ___·__^_4__·_1__111_______
F(oa) = 2 J it(2) u I ) ¾ T
n=3, 5 , 5,
___(O.) I _ d (L 1n (3.17)
do. Z/"LA L i~- d(z / ° ~.) I J -1
Plotting G<(6/1)z versus (a/u), steady state solutions
at a given u are obtained from the intersection with a straight
line from origin and with slope 1/u. The solution is stable
if the slope of the straight line is greater than the slope of
the curve at the point of intersection.
Thus if the Z G"(a/i)i plot is as shown in Fig. 16a, B2
represents unstable limit cycle solution. Fig. 16b shows the
nature of steady state amplitude variation with u. The dotted
portion represents unstable limit cycle solution. At large
velocity the amplitude is asymptotic to a line of slope D.
If the < ZG(/>) plot is as shown in Fig. 16c all the
steady state solutions are stable. If this is as shown in
Figs. 16e and 16g, A2 represents the unstable solution. These
different forms of amplitude response for bodies of various
cross section have been discussed by Novak (Ref. 24) and sta-
bility proven by the method of Krylov and Bogoliubov. By the
present method, the steady state amplitude and stability can
be determined just by looking at the XG (a/>) plot.
3.3 Two Degrees of Freedom Motion
In Section 3.2, the motion of the vertical cantilever
beam at zero initial angle of attack is assumed to be in a
plane normal to the free stream direction. This is found to
be a reasonable assumption experimentally for this cantilever
beam which has no directional preference of motion structurally.
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However, when the beam is initially at an angle of attack, (see
Fig. 2d), the motion is generally in a plane slightly inclined
to the z direction. This inclination is presumably decided by
the aerodynamic forces alone. Assuming that the beam can
vibrate freely in all directions with the same natural fre-
quency and does not undergo any torsional motion under the
existing forces, the equation of motion can be written in the
same form as Eq. 3.1, namely,
1 jW It W ~W )W- Ud' _ /)t2 C t E 2 ubC (w )
(3.18)
taagt Scot a14 2 4v y( at/V_ _·
Here w(x,t) is the displacement normal to the wind direction;
v(x,t) is the displacement along the wind direction; c is the
structural damping coefficient expressed in the form of vis-
cous damping; a, is the initial angle of attack and the right
hand terms represent aerodynamic forces induced by the motion.
Again, applying Galerkin's approximation to reduce Eq. 3.18
to ordinary differential equation in time t using only one
mode for w and v
W(t) = b , (), (t) (3.19)
v(e t)= b= ,()) =x/
where fl(C) is the first bending mode shape as in Eq. 3.2, the
Eq. 3.18 becomes after some nondimensionalization
00 0 
t+2± +C = 2 C(l) 
o
o2 ' A (i 12 ) ()e
(3.20)
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where t = C
4' = C/2Ym ,
(0) = d()/dC
Other notations are the same as in Eq. 3.3. In Section 2.3 a
quasi-static representation of the motion induced aerodynamic
forces on a body translating with velocity W and V without
rotation has been derived. Using the Eq. 2.14, C and C can
be expressed in the form
C = (| )2 2 Lc (N) (tow3
m.o (3.21)
CY = (I -V ) E Y( ) P 
l : o
for small Itan tana. Now
~,)(r~ ~' ' ~ ~' - -~3.-(m-)
(- r) (W ( )(3.22)
In general, because of presence of damping due to drag, the
stream-wise motion is very small, and one may write
- + ( -2) V +- - (3.23)
In the present problem IV/UI<0.1. Thus if M=7, only two terms
need to be retained in the above approximation with only 4%
error .Cz, C can now be expressed in the form
Cz Z (1 V )2 +z.i(( U + U (3.24)
7 2 ( (u)
± ' = 3 3n= N
TfM=3 YAO
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Cy expression is the same as CZ except Zm is replaced by Ym'
In this case N =1, N,=(m-2) N- =(m-2) (m-l)/2. Eq. 3.24
expresses CZ Cy in terms of ,9 in a convenient form whichU
can be converted to ordinary different equation in time using
Galerkin's approximation. Introducing Eq. 3.24 in Eq. 3.20,
one obtains after subtracting out the static part
+1, + 2 2 -AX () . ( )
+ Z tz 1 (2
Z ZT
r 3 Y
where
I',0-
z mnV
A
0
hYLc · M 0 T I
+ 2 = O
2
(3.25)
= ym ,n A mn,4
Am -+V
I I
L
a
Z22
= (2 , - uz,)
= (- LZo)
= (2, - Y )
22
=
4- 9t= 0
%J 1+ , Ck '2 I 2 + O 12
_2.2 Y, 'L 'U t
Here ql, q2 denote only dynamic terms since static parts have
been subtracted out. The terms in the square bracket contain
all the nonlinear terms. The mass and stiffness matrix are
symmetric and positive definite. Thus the instability can
arise only from the damping terms. It should be remembered
that the self-excitation is mainly due to negative gll and not
because of interaction between ql and q2.
First consider the linear part of the Eq. 3.25.
00 0 0
+ c + 1 + 2 =O
0O (3.26)
cz- , I I z + z 7+ O
Let the solution be alePT, .2=a2 ep T. Substituting them in
Eq. 3.26 a pair of homogeneous simultaneous equations in al
and a2 are obtained.F + +I)
) =I } O0 (3.27)
For non-trivial solution, the determinant of the coefficients
must be zero. The variable parameter is the reduced velocity u.
It may be noted that for a perfectly symmetric cross section
body at aO=0 g2= 0 g21=0 and the linear equations are uncoupled.
Since g22 is positive, the motion in streamwise direction die
down. Thus if gll is negative, the motion normal to the free
stream direction is only excited. The equations become coupled
if the square section is at an initial angle of attack ao, or
if P and Q1 are not zero at aO=0 (for example, if the section
is not perfectly symmetric). From experiment, it is found
that the motion for the initial angle cases is not normal to
the wind direction but in a plane inclined to it. Setting the
determinant of coefficients of Eq. 3.27 to zero a fourth
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degree polynomial in p is obtained which can be solved to give
where
2= (3.28)
It can be seen that at low velocity when(gllg2 2-g12g 21)>O
both the values of a are negative since in general (g11+g22)
is positive for a square cross section body, at all velocity.
The oscillations die down. As u is increased, flutter condition
is reached when
( 2 2-01o1 (3.29)
which makes a=O and p=+i. Thus the flutter frequency is the
same as the natural frequency w1 . It should, however, be
remembered that the self-excitation occurs because of the
negative damping term gll and not due to interaction of A,
and q 
The Eq. 3.29 can be solved for u to give the critical
velocity u c
uc = (2Yo-Z) + I(zY.-z,)z ± S(ZY. - ) 2 (330)
ignoring the negative value.
At u>uc one of the values of a becomes positive and the
oscillations grow. The motion corresponding to the negative
a die out. In general, IaI<<1 and the frequency of oscillation
is close to the natural frequency. Thus
h a + t (3.31)
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I· ____
2Substituting this in Eq. 3.27 and using the assumption a <<1
a_ - e tb e -or (3.32)
For the specimen used in the experiment, at low subsonic speed
a is of order 0.01 so the phase difference between ql and q2
at low amplitude is small and the initial motion is in an
inclined plane. The phase difference between ql and q2 repre-
sents an elliptic whirling motion. It should be noticed that
at critical velocity Uc,ql and q2 are in phase and the motion
is purely planar.
Let us now look for steady state solution of the total
Eq. 3.25. Since the elasticity terms are linear, and the
linear and nonlinear damping terms are small, the frequency
of oscillation beyond the critical velocity are close to the
natural frequency of oscillation. Thus a steady state solu-
tion to equation (3.25) can be taken as
ICI= Ct, SjvC + b+ Cn (3.33)
= Qa7. 5. C + b6 
Substituting these into Eq. 3.25, collecting coefficients of
sinT, cosT and setting them to zero one obtains four algebraic
equations coming only from the first derivative terms.
.S ( : -,, , -%l.b(. -jut i I(~,b,o., b) = O
fur; ,0pt _ f c,(,, b ,k2 ) o
(3.34 a,b,c,d)
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Here fsl(albla2,b2) etc. contain all the nonlinear terms in
alblCld 1 and are given in Appendix B for a general poly-
nomial fit of aerodynamic data for the case b=0. In steady
state limit cycle solution, the starting point of time is
irrelevant and b1 can be set to zero. Setting also b2=0
Eq. 3.34a,c are automatically satisfied and one is left
with two equations (3.34b,d) with two unknowns a1 and a2.
X(i a, + % 0A
z1 1, + Z OZ2
2 I C ( aL, 'Q2) = 
- f/A f2( lQL) ° (3.35 a,b)
which can be solved at
solution.
W
b
V
b
a given u to obtain the steady state
CL, A lmC
(3.36)
- , I() a2 S t
The inclination of the
z axis is given by
Y - to (
plane of the motion with respect to the
Ck 7/ a ) (3.37)
Positive y has the same sign convention as positive ao. The
total tip amplitude WT is given by
WT
b (3.38)
It may be noted that Eq. 3.35 can be nondimensionalized in the
special form of Eq. 3.11.
To examine the stability of the steady state solution,
we again assume
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2 OL / con 
T, (~)
%I =- 11 a,5 t +(7) Sin 
= L [a + 1) Sty (3.39)
where als, a2s are steady state solutions satisfying Eq. 3.35
and 5E(T), r(T) are slowly varying functions as defined in Eq.
3.14. Thus proceeding in the same manner
0
%, = [ aL + (C) ] cGn 
00
1 :- I s + I+) c 2T )Q 
00
c2 C-La25 + (Z)] 5LnC + 2( Ct)C ,
(3.40)
Substituting these in Eq. 3.35, the coefficients of sinT get
cancelled. Setting coefficients of cosT to zero, cancelling
out the steady state solution and keeping only the linear terms
in -4:) and nr(r), one obtains
o I [°+ -= O - 0 (3.41)
where a 2 C 21 )
2aI I / a)
01z 2 (912 f tcA
( --  2 SI
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This gives the familiar eigenvalue problem. For stability,
the root of the characteristic equation
+ L( I + 2) + ( 11a,,2z- a'zL t ) = 0 (3.42)
must have -ve real part. The condition is given by
(e,, + aQ2 ) > 
(Qa 2- C2 21) > (3.43)
Let us now consider a simple example for which CN and Cc
are given by
c = Pi tare + P3 tcslF
CC = QS+ V 2t+ 3 + qtoA / (3.44)
In order to get a feel for the quantities involved, Pl =0.9,
P3=-8, Q0=1.24, Q2=-3, Q4=30 roughly fits the experimental data
shown in Figs. 7a, 8a up to tan=0.45 if one ignores the small
off-symmetries. In one degree of freedom case this form of
CN has the response characteristic as shown in Fig. 16c in
Section 3.2. There is one stable limit cycle solution and the
limit cycle amplitude increases monotonically with u. With the
limitation tan~tanaO <O.l, IV/U<0O.1 the harmonic balance equa-
tions (3.35) are
+ z - > 1.76173() + 8.34 ()
+ 4.17 Z 5 ) = O
cyl4, L-P 8. Yj A- 8.33 Y_(j4 ) (3.45)
- 1.17 Z5 (at + ~ Z = o
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with the approximate quasi-static representation. Adopting
the nondimensional form of (3.11), Eq. 3.45 become after
division by (a,/L,)
(- ,) + 2 -. 761 z(j 11 + S. 1 .4 Z 4 a, 4I) +1- 8.34 4( ) + 7 ()
+ q 7 5(u ] = 
_ _ _l
(3.46 a,b)
IY D ( o)0 Y - [~1.761 () i 8.34 4.17B Y( ' Y
+ 4.17 y5 ( ] = 
where
-= a, (p/A ;,1 )
at
a.
c..
Here Zo..Z5, Y..Y5 are functions of P, Pi' P3' Qo Q2' Q4
and a0 and are given in Appendix C. Since CN is cubic, the
second and third terms in square bracket of Eq. 3.46a are
very small compared to the first term and can be neglected.
From Eq. 3.46b
tL, wY = (3.47)
, -+ 1.71 Y3 .3 +'Y4 7 Y5
V_ c --
In determining (al/u) by substituting (3.47) in (3.46a), one
may ignore the fourth power terms and get
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1-k ( -/ q 5' 
/ I _ 7 A I. -, v / I .. , ,,
(3.48)
The limit cycle solution is possible only if the term under the
radical sign is positive. If C is antisymmetric and Cc
symmetric in then at =0 yl' Y3 Y5 are zero and the solu-
tion is given by
a' = (-~ -,)/ .76 Z3
(3.49)
to-= o
If Q4=0, one may ignore y3, y4, y5. Then tany is approximately
given by
-born b/ ~. (' ")'A,1 C4o (3.50)
+ inZYo 2 Yo so
Thus qualitatively if no drag variation with is considered
then yzao; if the drag increases with , Q2 >0, y<c 0; if the
drag decreases with , Q2<0, y>a0 When Q is included the
problem is more involved. Numerical examples are considered
in Section 4. In general, y does not affect a1 very much. al
is primarily determined by Z1 and Z 3.
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SECTION 4
EXPERIMENT WITH CANTILEVER BEAN
4.1 Introduction
Since no purely theoretical method of predicting the aero
dynamic forces on a blunt body with a turbulent wake exists,
experimental observations form the basis of the present investi-
gation. The quasi-static representation of the aerodynamic
forces constitute one of the means of predicting the response of
a self-excited square section body. So experiments have ben
conducted with a square section cantilever beam placed in a uni-
form wind stream. First the static lift and drag forces are
determined and are used in quasi-static theory to determine the
responses. Then tests are carried out to determine the response
experimentally with the specimen at various initial angles of
attack. Some interesting response phenomena are observed. They
are described in Section 4.3. In Section 4.4 the results obtained
by this quasi-static theory using the static test lift and drag
data are compared with experiment. Only qualitative agreement
has been observed.
A movie of the experiment has been taken, which shows the
self-excitation phenomena. The transient motion and the response
at various angles of attack can be clearly observed.
4.2 Static Force Measurement
The experiment with the cantilever beam is carried out in
a 1 ft., x 1 ft. low speed wind tunnel. The air is blown into the
tunnel by a blower and is smoothed out by a series of netting and
honeycomb mesh. The velocity is increased by the area contraction
ratio of 36:1. The flow is smooth and nearly free from turbulence.
The specimen is placed in the open jet 1.5 inches from the end of
tunnel as shown in Figs. 1 and 2a. All the velocities mentioned
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are the velocities just inside the tunnel and are used as the
reference velocity throughout the report. Before the testing
the velocity near the specimen position is measured with a pitot
tube whose total pressure holes are at 1.5 inches from the end
of the tunnel and static pressure holes 1" farther behind. In
Fig. 4, this is plotted against the reference velocity. The re-
duction in velocity at the specimen position due to the open jet
effect is found to be less than 2% at all reference speeds up to
80 ft/sec. and can be considered within tolerable experimental
error.
The specimen cantilever beam is made of 1/8 inch diameter
steel rod and is 13.1 inches long. It is coated with wax and
drawn through a square template to give it a square cross section
outside. The side of the square is 0.09 inches. The section is
not perfectly square but is slightly rounded at the edges. The
wax coating is thin and does not change the structural property
of the rod appreciably. Thus the rod can be assumed to have the
same area moment of inertia in all directions. It is free to
deflect in any direction without twisting and with some bending
stiffness. This simplifies the theoretical analysis considerably.
The 13.1 inches long specimen is clamped in a vertical position
and the base is bolted to the top of a turn table which can be
rotated through 3600. The orientation of the specimen with respect
to the wind stream direction and the chosen coordinate axes are
shown in Figs. 2a, 2b. The four sides are identified as side
A, B, C, D with respect to a small 120 ohm strain gage which is
placed at the root of the beam on side B to record the transient
motion. When the side A is facing the wind stream, the general
position is termed as position A and so on. The static and dy-
namic calibration of the strain gage is shown in Fig. 9 at
position A, ac = 0 for different tip deflection WT in Z direction,
and is quite linear. There are small variations if the motion is
slightly inclined from Z direction.
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The clamped end of the specimen is 2 inches below the wind
tunnel floor to avoid flow disturbance from the base support fix-
tures. Since there is little motion at the root, the motion in-
duced forces are negligible and the set up does not affect the
response significantly. Tests are first conducted to determine
the static lift and drag forces at various angles of attack. This
is done by measuring the static tip deflection in Z and Y direc-
tions visually, at different angle of attack position a as shown
in Fig. 2b, and then calculating the force, assuming uniform load
over the span of the beam exposed to the wind, using linear force
deflection relation.
CL 8F1 WT/. U2b[4 - (a)3 () 4 ]
CGD =8E V/ U dIi - 8(-)3+ \)]
(4.1)
Here A is the portion of the beam at the root which is
outside the wind stream. For At = 2 inches, = 13.1 inches,
the factor [ - ()3 I + ] = 0.9955, showing that the
effect is very small. CL, CD are computed at 37, 44, 56, 65 ft/sec
velocity for position A and at 37, 45 ft/sec velocity for position
D, and are shown in Figs. 5 and 6. The variation in CL, CD from
the error in measurement of deflection is less than 5%. It is
observed that while CL remains relatively unaffected by velocity,
there appears a Reynolds number effect on CD. For an increase in
Reynolds number from 1800 to 3100, CD increases from 1.24 to 1.54
at a = 0. The square section CL is characterized by the negative
lift curve slope in the vicinity of zero degree angle of attack.
The lift attains peak value near a = 12° where drag reaches a
minimum. In this vicinity the flow first reattaches on one side
and the wake has minimum width. Beyond this angle the flow is
fully attached to both the windward faces but the wake width
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increases as the square is rotated farther, and the drag increases
simultaneously. Even though the general nature of CL, CD variation
with a are similar for the position A and D, the differences are
noticeable at small angles of attack, signifying that the static
forces are quite sensitive to the imperfections and sharpness of
the edges.
Using the CL, CD data, CN(B), CC(B) as defined in Eq. 2.4
are computed and plotted against tan in Figs. 7 and 8. An 8th
degree polynomial least square fit is shown in solid line. The
fit is good only up to tanB = + 0.45 and does not fit properly
near sharp peaks. The coefficients of the polynomials Pn and Qn
are given in Table 2.
4.3 Description of Experimental Result
The first natural bending frequency of the beam is 9.4
cycles/sec. The theoretical estimation with bending rigidity for
a 1/8 inch round steel rod gives 9.5 cy/sec showing that the wax
coating does not affect the structural stiffness. First the
critical damping ratio is obtained from the dynamic decay record
by plotting the transient amplitude against time on semi-log
paper, and is shown in Fig. 10 along with a typical decay record.
The damping ratio is constant at very low amplitude but varies
linearly at higher amplitude. The constant value is due to vis-
cous and structural damping. The linear variation is due to the
aerodynamic damping as the body moves through still air. If it
is assumed that the drag at any point of the harmonically oscillat-
ing beam is proportional to the square of the velocity at that
point, then it can be shown by equating the work done over a cycle,
the equivalent damping ratio is proportional to the amplitude of
the cycle.
E - | 7 A? (b) (4.2)
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WT is the tip amplitude and -, A, A2, x, are as defined in
Eq. 3.3. This is plotted in Fig. 10b from the origin for CD = 1.6
and 2. Since <l,o/, -l,i, it can be seen that the slopes of
linear ~Q variation are much smaller than the experimental plot.
For CD 1.6, the Gus 0.87 x 10 (WT/b)whereas the slope of ex-
perimental linear variation 1 Ea x 3.8 x 10- (WT/b)which is four
times as much. It is not quite clear why this is so but one of
the reasons could be that the beam is actually not moving through
still air but sets the wind in motion as it moves through it. As
it swings back, it meets the incoming turbulent wind which in
effect doubles the net velocity and the drag is four times as
much. It should be noted that when the beam is oscillating lat-
erally in a wind stream this air damping in that direction is no
longer present. Only the structural damping which is obtained
from the intercept of the experimental curve on the , axis, impedes
the motion in this situation. This is estimated to be between
.002 and .0025 in terms of critical damping ratio. The value .002
is used for all calculations.
The response at zero degree initial angle of attack is
measured for all the four positions A, B, C, D, i.e., with each
of the four sides facing the wind stream. The turn table is
clamped at the position A at zero degree angle of attack and tunnel
is turned on. At a speed below the critical velocity, there is
no response. When the beam is disturbed, the oscillations die
down. The wind velocity is then increased in small steps. At
around 10 ft/sec, the beam begins to oscillate by itself. The
amplitude increases slowly and then settles down to a steady state.
To record the transient motion at a particular velocity, the beam
is brought to rest by touching it at the top and then letting go.
The Sanborn recorder which is hooked up to the strain gage is
turned on simultaneously. The amplitude grows slowly and then
settles down to a steady state limit cycle. The final amplitude
is quite steady, signifying absence of large scale turbulence in
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the flow. The beam is then given a small kick to see if it comes
back to the same steady state value. It is then given a big kick
to examine if there are other limit cycle solutions at that veloc-
ity. The steady state tip amplitude is measured visually with a
scale held on top of the tunnel outside the wind stream. Some of
these measurements are compared with static calibration of the
strain gage done at the beginning of the experiment for various
tip deflections due to an end load, and is given in Fig. 9. They
are almost the same if motion is nearly normal to the wind stream
direction. The steady state amplitude and transient response are
recorded for the position A for velocities up to 65 ft/sec. The
velocity is then reduced in steps and the amplitudes are measured.
The process is repeated at zero degree angle of attack with sides
B, C, D facing the wind stream, but no transient records are taken.
The result is plotted in Fig. lla. WT is the tip amplitude. It
is observed that even for amplitudes as large as WT/b = 31, the
frequency is still nearly 9.4 cycles/second as in small amplitude
oscillation. The steady state amplitude variation with velocity
is more or less the same for all the four sides up to about
25 ft/sec. Beyond this velocity there is a marked departure. In
position A, the amplitude levels off and then drops as the veloc-
ity is increased to 45 ft/sec but rises again as the velocity is
increased farther. Similar response variation is observed for
the position B and C but the drop off and rise occurs at differ-
ent velocities. For position D, however, the amplitude rises
monotonically with velocity to a large amplitude of WT/b = 31 at
55 ft/sec. The specimen is not tested beyond this velocity to
avoid its destruction. With two dimensional square section body,
response behavior of form shown in Figs. 16a, 16c have been
observed but this type of behavior is rather unusual. In order
to investigate this peculiar amplitude response in position A, B,
C, further tests are conducted for the specimen position A and D
so that the basic differences can be detected.
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Now instead of keeping the specimen at zero initial angle of
of attack, it is placed at a small initial angle of attack 06 as
shown in Fib. 3b for each of the positions A and D and the steady
state amplitudes are measured at various velocities. Now, however,
the motion is no longer in the Z direction but generally in a
plane slightly inclined to it. The total tip amplitude WT and
the inclination of the plane of the motion with z direction denoted
by , are plotted in Figs. 12a-f (position A) and 12g,h (position
D) for various initial angles of attack position No and at differ-
ent velocities. The sign convention for and oa are as shown
in inset diagram of Fig. 12a. They are both positive in the same
sense. At position A, for velocities below 25 ft/sec, the steady
state amplitudes are nearly symmetric for positive and negative
o and goes down as O is increased (Fig. 12a). It goes down to
zero in the vicinity of O%, = 100. At Oo beyond this the oscilla-
tions die out. The plane of oscillation is however somewhat
irregular. At 17 ft/sec, the is in opposite sense to co. At
24 ft/sec the inclination are nearly zero. However beyond this
velocity, there is a marked departure from this pattern as shown
in Figs. 12c-f. The responses are no longer symmetric with re-
spect to 0O and there is a large change in amplitude and inclina-
tion of' plane of motion for a small change in O0 from -2.50 to
+2.5°. The peak amplitudes occur in the vicinity of = +7.50
and goes through a minima near CO = -2.50 (Figs. 12c,d). There
is also considerable change in inclination of plane of oscillation
Y. At small CO, is in the same sense as O-, but bigger. Beyond
No = +7.50 as the amplitudes drop off, has the tendency of going
down to zero again. As velocity is increased the response becomes
more sensitive to CO. At 65 ft/s (Figs. 12e,f) the amplitude has
peaks at D 0 = 250, +100 and drops off in between near o = +50
Near Mc, = +100, the amplitude and inclination are rather large but
drops off quickly as Oo increased a little farther. The same
tests are carried out with the specimen in position D, at 37 and 45
ft/sec (Figs. 12g,h). The amplitude in this case shows the
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regular trend as in Fig. 12a, with peak at a = 0, dropping off
as ao is increased. Oscillation ceases near ao = +7. The in-
clinations are nearly zero but show trends similar to those of
Fig. 12a. Thus it can be observed that the drop off and rise of
amplitude at ao = 0 for position A (Fig. lla) is associated with
large sensitivity of the response for small change in ao in the
vicinity ao = 0, whereas in the portion where the amplitude rises
monotonically with increase in U, a small change in a from a = 0
does not change the amplitude or inclination considrably. The
amplitude drops off quickly as ac is increased farther.
Fig. 13 shows some sample transient records for position A,
ao = 0. They are plotted in sami-log paper on real time scale in
Fig. 14. The initial logarithmic increment in amplitude is found
to be linear. The experimental values of initial linear log
(Slope)/, at different free stream velocity are plotted in Fig.
15 with a negative sign. According to quasi-static theory this
is the experimental value of g/2, the linear theory - equivalent
- damping coeficient as defined in Eq. 3.6.
All the experimental results described here have been found
to be quite repeatable.
4.4 Theory and Experiment Comparison
Using the static aerodynamic force measurements it is now
possible to calculate the response characteristics using the
method described in Section 3, and compare with the experiment.
When the beam is initially at zero angle of attack, the steady
state amplitude at a given velocity is given by:
() ) + .761 P + 4 .17 P)5 +7 O
(4.3)
for a cantilever beam with the mode shape used and with a 8th
degree polynomial fit of CN versus tanB curve. Using the 8th de-
gree polynomial fit of CN versus tan of
a) Fig. 7a, tested at 37 ft/sec in position A
b) Fig. 7b, tested at 37 ft/sec in position D
the steady state amplitudes a are plotted against a. in Fig. llb,
along with the experimental values obtained for the specimen
in position A and D at O = 0. The value l1 = .002 = 0.35x10 3
has been used. Pn are given in Table 2. It should be noted
that 2(E!/) represent the induced angle of attack at the tip
of the beam. Since the curve fitting is only up to tan = 0.45,
results only up toi/u= 0.225 are valid. The results plotted are
within this range. For a quick conversion from physical units
to nondimensional values, the following relations may be used for
P/4,= 0.0438
U (F/5EC) 0.443 -W = 10.1 i
WT _= a= 45.6 .-b (4.4)
Reasonably good agreement is observed for amplitudes up to
WT/b = 15 . The experimental amplitude variation in position D
shows similar trend but are substantially lower in magnitude. The
quasi-static theory fails to predict the drop-off characteristics
observed in position A and in general over estimates the steady
state amplitude.
Another way of examining the applicability of quasi-static
theory is to compare the initial transient growth rate when the
amplitudes are small and equations are linear. To do this, the
linear theor;y-equivalent-damping ratio g1/2 = - .25 P , as
defined in Eq. 3.6 is plotted in Fig. 15 and compared with
experimental values. P1 is the initial slope of CN curve (Fig. 7a,
U = 37F/S, Fig. 7b) and 1 = .002. They are of the same order of
magnitude and trend but not close to linear with velocity as given
by the theory. It may thus be concluded that the actual aero-
dynamic forces are more complex than a simple quasi-steady descrip-
tion. The static lift and drag values do not contain all the
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information required to describe the dynamic forces induced by the
motion. It is probable that as the amplitude increases beyond
WT/b = 10, the flow is no longer two dimensional and a break in
the flow pattern at a part of the beam causes a flow change in
the entire portion.
The amplitude response at different ao can be compared with
the theory in a qualitative basis since in the one degree of
freedom case it has been observed that the quasi-steady theory
cannot predict accurately the amplitude response when the ampli-
tudes are large, but gives the right trend. So an approximate
fit of CN and CC data has been chosen for comparison with the
experiment (see Figs. 7, 8).
CN o .9 to - 8.o ti P
(Pos. A ,Ita i < (0.45)
Cc = 1.24 3.0 mp + 3o0.  t,, j
cN = I.2 t. Pa - 15. 0 toav3 1p(pos. , 1 t 0.4 )
CC = '. - 3.0 tm, + 300 tov, v 
(4.5)
After a steady state solution has been obtained at a giveno o from
Eqs. 3.47, 3.48 one should check that ItmP MAX + toI' is less
than the limits of curve fit (4.5), 1ti.taol^Co.I ,. IV/Ul1 o.l
in order that the solution be valid. The CC curve fit is not very
good, but it is observed that the subsequent value of Y does not
affect the amplitudes substantially. The value of Y is however
quite sensitive to CC. The theoretical results are plotted in
Fig. 12 in broken lines for comparison with experimental values.
Results at velocity 17.9 ft/sec is not computed since the CC data
is not known. Amplitudes at velocities 24.5 and 37 ft/sec,
position A (Figs. 12b,c) and 37 and 45 ft/sec, position D
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(Fig. 12g,h) agree with the experiment qualitatively but the in-
clinations do not. It seems a simple quadratic CC of Eq. 3.50
can explain qualitatively the experimental behavior at small o,
since it gives values proportional to 0NO. At low velocities
the dynamic CC possibly increases with which makes go in
opposite sense to o. At higher velocity the dynamic CC possibly
goes down with following the initial static trend (Fig. 8a)
making Q2 negative and goes up linearly with Mo for small MO
(Fig. 12c). Same explanation apply to Fig. 12h but not to 12g.
Thus, the aerodynamic drag forces acting on the oscillating body
seem to be rather complex and do not necessarily follow the
static curve.
From these comparison it is observed that in two degrees
of freedom, motion the quasi-static theory can give a qualitative
description of the steady state amplitude response if it gives
the right results in one degree of freedom case. The peculiar
response obtained in position A (Fig. 12d, e, f) cannot be ex-
plained by introducing the two-dimensional motion.
From the experiment and quasi-static theory comparison it
may be concluded that the self-excitation phenomena of a square
section beam can be described qualitatively by the theory but
usually results in overestimation. Physically the beam cannot
achieve the high amplitudes predicted by theory without going
into geometric nonlinearity but below the velocity 30 ft/sec
(i = 3, Fig. lb) it can. Up to WT/b = 15 (a = 0.3) the flow is
fairly two-dimensional and the amplitudes follow the quasi-static
results fairly well. As the amplitude increases, the top portion
of the beam moves in an arc which could be responsible for differ-
ent flow patterns and lower amplitudes. On a bluff body with
sharp edges where the flow is separated and the wake is turbulent,
the aerodynamic forces are apparently quite complex and sensitive
to imperfections and sharpness of the edges, and can give rise to
unpredictable responses.
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SECTION 5
SUSPENDED CABLE
5.1 Introduction
The galloping phenomena of overhead suspended power
cables has been a subject of research for many years. The
self-excitation is believed to be due to the negative damping
characteristic of the cable cross section. However, unlike
a cantilever beam the amplitudes can be limited by both
(a) Nonlinear aerodynamic force characteristics of
the cross section.
(b) The tension developed in the beam due to large
deflections.
To study this, galloping of a sagging cable of square cross
section has been obtained experimentally in a wind tunnel
and is described in Section 6. Theoretical means of describing
the motion using quasi-static aerodynamic theory is discussed
here. The motion is governed by two nonlinear partial dif-
ferential equations which are reduced to nonlinear ordinary
differential equations in time using Galerkin's approximation
and are solved by harmonic balance method using only two
equations. The theory-experiment comparison is discussed in
Section 6.
5.2 Equations of Motion
Consider an uniform cable which is suspended between two
poles with a particular sag and placed in a wind stream (Figs.
17a, b). With the wind off, the cable is in a catenary shape
and the two ends are clamped in that position. The flexible
cable is of square cross section and in the suspended position
one of the flat sides face the wind stream. It is assumed
that the cable can deflect in y and z direction without twisting
(Fig. 17c) like the giant wheel riding boxes. Thus only two
degrees of freedom need to be considered in the equilibrium
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equations. Only small sags up to midspan sag/span ratio d/
of 0.08 are considered. Thus the slopes at a deflected posi-
tion are small and the simple beam equations are adequate to
describe the cable motion. Also, for small sag it can be
assumed that the tension in the cable is constant along its
whole length and is thus independent of coordinate x. It can
be shown using catenary equations that for a simply supported
cable without bending rigidity and under constant self weight
and drag forces along the span, the tension Tat the support
and at midspan are given by
(bT, ad I± (0/ )2 [1 + (d/Q)
(5.1)
(mT22 1 = 8d 1 |+(D 0/cng)2 [l + (d/ (
Here m is the mass per unit length, is the span, d is the sag
at midspan. Do is the drag force per unit length. For
d/Z<.080, the total variation of tension along the span is
less than 5%. For a cable with small bending rigidity it is
believed that the assumption of constant tension does not
involve error more than this.
When the wind is turned on, at low velocity the cable
leans back and takes up a stable static position until the
critical velocity is reached. As the wind velocity is increased
beyond the critical velocity, the oscillations grow until a
stable limit cycle is reached. Thus to analyze the motion
it is convenient to subtract out the static part from the
overall equation
qm g)N --'tWt -I - m aI Fz (
-T 1
~It2 2x1 t t
(5.2)
at, TDVta +Vt );)1- T-tL-. 0 +[y E L )
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Here F , Fy represent the aerodynamic forces induced by the
motion. All the static terms of aerodynamic forces are in-
cluded in mg and Do for static analysis.
static equations
I d4\N(x)
d X
Subtracting the
d2W0(y)
- T.
d Xz
d4 V° (Y) - d V ()E I - TLdX6 dxz
from Eq. 5.2, one obtains
= Do
-T 2 ( +Wo )}xl
-T Y2(v + v0)
UX 2.
(5.4)
= Fy (w v )
where Wt = W(X) + W (x,t)
Vt = Vo(x) + V(X,t)
Tt = To + T(t)
The W(x), V (x) satisfy the static equation (5.3) along with
the boundary conditions
AT -O W0 = 
=OJ dWo = dWo
dX d (5.5)
Vo = 0
6 wa
d x 0
where W (x) is the deflection shape with the wind off, i.e.,00
(5.3)
W C 'W -W)t V+ E1 To )
~m a2 v+ E1 aa 4 - To xv
=- z ' w -\j U
D =0. The double zero subscript will be used to refer to
quantities when the free stream velocity U=O. The W and V
satisfy clamped-clamped boundary conditions at both ends. The
bending rigidity EI is assumed to be the same for both W and
V displacements. The coupling between W and V arises from the
aerodynamic and tension terms only. It is assumed that even
after U exceeds the critical velocity, the static equations
(5.3) are satisfied and give a measure of the mean position,
i.e., the position if no motion induced forces were present.
Since the tension is assumed to be independent of x, at a
fixed time t, the tension Tt can be obtained by calculating
the strain in the form
Tt =T0 o + 5J(dS-d) (5.6)
where
d2- dx2 + dWt + dVt
c = dX + dWol
With the small slope assumption, this becomes
It = To + T (t) (5.7)
where T. AL d ) /dV.o dW 2 x
T, J ,(& x )d (j) - dx
o ]
This tension term is the source of nonlinearity in the cable
vibration equation apart from the aerodynamic nonlinear terms.
Both of these are responsible for limiting the amplitudes.
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In quasi-static representation of aerodynamic forces
it will be assumed that CN and CC are in the form
Cow = Pt o, + F3 tap (5.8)
C = Q
where
It is possible to work out the problem with higher order poly-
nomials for better representation of CN and CC but it would
result in added complexity without adding better insight to
the problem. Proceeding in the same manner as in Section 3.3
F, and Fy can be written as
Fy = zfV2p b L-2IQ. t/ (2 1(5.9)
for IV/uI<O.l. Actual values of V/U are still smaller and it
is possible to neglect the underlined terms within the present
approximation.
5.3 Solution of Static Equations
The static equations (5.3) along with the boundary con-
dition (5.5) can be solved exactly if T were known. In order
to determine T it has to be expressed in terms of the dis-
placements in the form (5.7). This makes Eq. 5.3 nonlinear and
can only be solved approximately.
Solving Eq. 5.3 in terms of T with the boundary con-
dition (5.5), one obtains
d 21, d L (o ( --
vW -
6 2-T, (5.10)
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and
W a ... . L 2- +- e ,eAZ ( Go ) }]
where
Eo = i/-r l i E Co = J Ei1/ Too Z
e = 2 C. t'oh o = x/-e
The double zero subscript refers to quantities when the wind
is off. For these cables, o<soo <0.1. Thus
Using this approximation Eq. 5.10 simplifies to
Wo _ s I (I - ) -To To 
d 2T d L 
and
d A ZT. d (5.11)
The above is valid for 0<[<.5, and the functions are assumed
symmetric on the other half of the span. Now initial tension
Too can be determined by setting Woo=d at =0.5 and then solv-
ing for T with the above approximation, to get
eTo _ t of - 64 ri d I (5.12)
The effect of bending rigidity is to reduce the tension from
the average'Catenary analysis'value of mgt2/8d. In the present
3
case EI/mg3 =0.01, so the correction is of the same order as
the approximation involved in the analysis. Now the static
tension T at a particular velocity U can be determined by
substituting Eqs. 5.11 in the expression for To in Eq. 5.7 and
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carrying out the integration. A nonlinear algebraic equation
in To/Too is obtained which can be solved by iteration. Sub-
stituting them back in Eq. 5.11 would give the static deflec-
tion shapes Wo ( ), Vo ( ) .
The variation of To/Too with wind velocity U is in
general as shown in Fig. 19. For a simply-supported cable
with no bending rigidity the problem is statically determinate
and can be solved exactly using the 'Catenary equations' to
give
Too [ ( 2/m ) 2
(5.13)
This is compared with the present results in Fig. 19 and is
found to give higher values. Using Eq. 5.11 one can obtain
the static positions at different velocity. One such plot
for d/1=0.059, CD=1.4 is shown in Fig. 20. For a simply-
supported cable the static positions are given by straight
lines inclined to the vertical at an angle tan (1Q/mg). The
inclinations are found to be close to the present case but the
static positions are not.
5.4 Harmonic balance solution
Using Galerkin's approximation Eq. 5.4 is reduced to
ordinary differential equations in time assuming W and V in the
form
V d 1 ,(t t t 7(t)
vv° - d r ac ) (5.14)
V - d f0(E)
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Here fl()' f2( ) are first and second bending mode shape of
a freely vibrating clamp-clamped beam and are given in Appendix
D. fo (), fo(§) are static deflection shapes given by Eq. 5.11.
It may be noted that fl(), fo(), f(C) are symmetric functions
about midspan while f2( ) is an anti-symmetric function. Under
the existing forces the four modes are sufficient to describe
the motion. Hore (Ref. 31) have analyzed the free vibration of
a similar flexible sagging cable using the present mode shapes
and have obtained good theory-experiment agreement.
In nondimensional form, the ordinary differential equa-
tions can be expressed as
8 0a + r, + a T (c - -2 { 
ts +AtT(I+ () 2 i5 [Z -]
00
- 7 -
(5.15a,b,c,d)0
where (t = Z dC)2. 2dC
2,- = _[ iLio / A20 R
r ~ ~22 = I, I A 2 J /
rw hEl D2 t : B. / ) :W 26
'M 14 -M t
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P Pb d
mU b
= U b
bWit d
Ct= AE (d2 
dL = - c 62, A2
Ao2z 511
The time is nondimensional with some reference frequency R'
The definition of , u are slightly different than those used
in Section 3. Amn, Bll B22 , D1, D2, Br are constants and are
given in Appendix D. qo' qo are a measure of static position
of the cable. They vary with velocity as shown in Fig. 21.
Their definition are also given in Appendix D. It may be
noted that r1, r2 also vary with velocity.
So far no structural damping terms have been included.
There is a certain amount of uncertainty in its actual values.
Experimentally with the wind off the cable can be given small
tapping in first or second horizontal bending mode and the
amplitude decay recorded. The slope of the transient amplitude
plotted against time in a semi-log paper is found to be linear.
From this viscous damping coefficients 1l, 2 can be evaluated.
Assuming c1=c1, c2=c2 the structural damping can be expressed
as a viscous damping for theoretical convenience by adding
the terms (E/mw) ,(T,/m R) , ( C/mJR) SAc. to
Eqs. 5.15. However, with the wind on, the cable will oscillate
at a higher frequency and it is not known how much is the actual
structural damping then. To overcome this difficulty c, cl
etc. can later be set to zero and the resulting change in
responses compared since the structural damping are usually
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small. Let us denote
C /,n p = Z ,l
(5.16)
c /Wt R = 2 42
Let us first examine the linear equations
60aI + % kT , + '
Oo o
I 
b1e H r 26
Z° ~ ° ra z
-= 
- O
(5.17a,b,c,d)
= O
- O
I = , t 2 Z>
,- 2
il l
= z ,o %
CY,
IL
/1 25= +f LAQ,
= - -A-P
.= 2- 2 P
The first and second mode equations decouple. The stiffness
matrix of (5.17 a,b) is symmetric and positive definite. So
the instability can only arise from negative damping terms
gl and g2 '
Considering Eq. (5.17 a,b), the critical velocity and
the frequency of oscillation at the critical velocity can be
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where
-C 1-mov 2.r
= r I 12 Oz ~ 'ZI + 11 .
2 I-cO- I-
determined in the usual manner by introducing %,eQ , = , e
and setting the condition of condition of existence of non-
trivial solution of the resulting homogeneous algebraic equa-
tions. This gives
p L ' Hi -Z Ql (5.19)
at a velocity which makes
,>2Xt ,:,
+
0I 6 + +  1 (5.20)Sin 1 , .
Since q, %o are functions of velocity (Fia. 2.L ,no
explicit expression for critical velocity can be obtained, and
WF u has to be determined by plotting (5.20) for various u
until it becomes zero. Corresponding F will give the flutter
frequency.
The Eq. (5.17 c,d) are uncoupled from each other. The
critical velocity for c1z mode will be given by g2=0. The
flutter frequency is r2. Since g is positive at all velocity
q will die out.
For the solution of entire non-linear equation let us
take only Eqs. 5.15 a,b assuming no second mode is present.
The equation has quadratic and cubic nonlinear terms in and %1.
4f 4o reI
0 . 0
% + t,+ "9R, t A %
( R ) 03%,%O-t(qaI %~%I+ BD/u a2 )+ (II+ ,I
(5.21)
5?
The reference frequency R is chosen equal to the linear first
mode natural frequency at u=O, i.e.
CWR 0, 4 -ml2 {nPI- + (5.22)
So at u=O r.1 =1 in Eq. 5.15.
To get an idea of the nature of the solution of Eq. 5.21
is first integrated numerically using predictor corrector
-4
scheme with an error bound 10 . Some results are shown in
Fig. 25. For small initial displacements the amplitudes grow
initially then settle down to a steady state amplitude. An
estimation of induced angle of attack shows that the induced
angle of attack is well within the linear range of CN,
according to the quasi-static theory. Thus to evaluate the
steady state amplitude by harmonic balance it is sufficient
to assume (Ref. 39)
°, = Ib + b, Gon C + a, Sin b + b2Con _ + o0z in 2 o
I bo + bC'o, --+ oL + bzCo2. + t .Sn 2
(5.23)
w is the nondimensional frequency with respect to R' Sub-
stituting (5.23) in Eq. (5.21), keeping only the coswT, sinw-r,
cos2uT, sin2wT terms and setting their coefficients and the
constant terms to zero one obtains 10 nonlinear algebraic equa-
tions in 12 unknowns b , bl...a2 and w,u. Since in steady
state solution absolute phase is unimportant, al is set to zero
and equations are solved by Newton-Raphson iteration procedure
for the 10 unknowns w, bo, bl. . .b l b2' a2 at a given u. The
algebraic equations and details of iteration procedure are
given in Appendix E. Some of the solutions are shown in
Fig. 24 and are discussed in Section 6.3. The solution of
the form (5.23) represents large swinging motion of the cable.
Since the cable swings way up above the X-Y plane (Fig. 17 b,c),
cos2wT terms come in for representing the motion in the ql,
ql cartesian coordinate. From the polar coordinate point of
view the frequency of oscillation of the physical cable is w.
Assuming the quasi-static representation of the motion
induced lift forces are correct, theoretically the amplitude
is limited by the tension together with the 2 damping term
which becomes important when the cable moves against the wind
stream at the end of the large swinging motion.
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SECTION 6
EXPERIMENT WITH SUSPENDED CABLE
6.1 IrLntroduction
To analyze the galloping phenomena of suspended power
cable, tests are first conducted with a uniform sagging cable of
square cross-section in a wind tunnel. The cable is flexible
but with a definite but small bending rigidity. Large and
rather violent self-excited oscillations are observed. When a
cable of circular cross-section is placed in the wind tunnel no
such self-excitation is obtained. Thus the galloping phenomena
is found to be due to negative damping type aerodynamic forces
typically associated with bluff bodies with sharp edges. The
cable begins to oscillate by itself beyond a certain critical
velocity but finally settles down to a steady state amplitude.
The experiments are conducted with different sag/span ratios of
d/ = 0.080, 0.059, 0.043, 0.029, 0.020 and 0.011 and the results
are described in Section 6.2. Theoretical solutions using simple
quasi-static theory are compared with the experimental results
in Section 6.3.
6.2 Description of Experimental Results
The experiment is conducted in a 5 ft x 7 ft closed circuit
low-speed wind tunnel. The specimen is made from a 0.045 inch
diameter flexible cable. It is coated with wax and drawn through
a template with a square hole to give it a 0.09 inch square sec-
tion outside. Care is taken to avoid twisting of the cable during
the drawing process. Because of this construction procedure the
uniformity is not perfect and the edges are somewhat rounded. The
extension rigidity EA of the bare cable has been measured by
Hore (Ref. 31) and is used here assuming that the wax coating does
riot affect it appreciably. The bending rigidity EI is determined by
measuring the tip deflection due to self-weight of a portion of the
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cable cantilevered at one end and using the linear force deflec-
tion relation EI = m4/8S where 6 is the measured tip de-
flection. There is certain amount of scatter and the mean value
is taken. The numerical values of the cable parameters are given
in Table 3.
The cable is suspended in the wind tunnel from two rigid
1.5 feet long 0.75 inch diameter poles fixed to the floor of the
tunnel (Fig. 17a). The cable is suspended at a particular sag
and is clamped at two ends in such a manner that the cable
assumes a natural catenary shape and one of the sides of the
square faces the wind stream. Because of flexibility and clamped
edge condition the cable can deflect in Y and Z directions (Figs.
17b,c) without any apparent rotation like the riding boxes of a
giant wheel. The posts are long enough so that the entire cable
is outside the wind tunnel boundary layer. There is some inter-
ference at the ends because of the clamps and the posts. At
the beginning of a test run at a particular sag, the first hori-
zontal mode natural frequency of the cable is measured by slightly
tapping the cable. This frequency gives the experimental value
of linear first mode natural frequency at U = 0 as given in
Eq. 5.22 and is denoted by wol.
At several different sag positions decay records for small
horizontal oscillations are obtained using a small strain gage
at one end of the cable. The strain gage signals for small mid-
span deflections are linear. From the slope of the transient
amplitude plotted against time on semi-log paper, the critical
damping ratio , = C, /2rm Jo, can be obtained as a
function of amplitude. The 1 is found to be constant for
small amplitudes. Some 1 values measured at different d/t are
shown in Fig. 18 along with a typical record. At d = 0.059 a
second mode damping ratio is measured and is found to be 2 = 0.018.
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When the wind is turned on, at low velocities, the cable
bends back and assumes an inclined static equilibrium position.
Any disturbance imparted on it quickly dies down. An eye estima-
tion of the cable inclination is made from outside the wind tunnel
using a transparent protractor fixed to one of the clamped ends.
This is shown in Fig. 20, for d/ = 0.059. For other sag ratios
the same type of variation is observed with little scatter. The
solid lines give the theoretical values calculated from Eq. 5.11
which will be discussed later. The wind velocity is increased
in small steps and beyond a certain critical velocity, the cable
begins to oscillate by itself. The amplitude increases until a
steady state value is reached. The mid-span amplitude is meas-
ured by a vertically travelling telescope from outside the tunnel
by focussing near the midspan and freezing the motion of the
cable by a strobe light which is also used for measuring the fre-
quency. The velocity is increased in small steps to about
100 ft/sec and then decreased. The frequency and midspan ampli-
tudes are estimated at each velocity, and are shown plotted in
Fig. 22a,b.
At low velocities, the cable first begins to oscillate in
second bending mode with the cable at blown back position. As
velocity is increased, it begins to oscillate in first bending
mode in a swinging motion. At a higher velocity, the second mode
appears again. The cable oscillates primarily in the first mode
with small second mode superimposed, giving the appearance of a
travelling wave across the span. A brief outline of the response
description is given in Table 4. At mode transition points and
when both the modes occur together, the second mode has approxi-
mately twice the frequency of the first mode.
It is observed that the frequencies measured with velocity
increasing and decreasing, follow the same path but the amplitude
measurements show a certain amount of hysteresis. The arrows in
Fig. 22a show the path with velocity increasing. The first mode
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frequencies, nondimensioned by ol and the amplitudes nondimen-
sioned by sag d are plotted in Fig. 23. For d/ = 0.080, 0.059,
0.043, 0.059, 0.043, 0.029 the nondimensioned frequencies seem to
collapse into a single line and increase almost linearly with
velocity. As for the amplitudes there is no general pattern. For
d/ = 0.059 the amplitude is quite large and cable swings in an
almost 1800 arc with a near horizontal mean position. For higher
d/ = 0.080 the amplitudes are lower but still quite large. With
reappearance of small second mode near 70 ft/sec, the amplitudes
tend to go down. For lower d/ = 0.043 the amplitude response is
similar. With reappearance of strong second mode near 90 ft/sec
the amplitudes go down rapidly. At very low d/ = 0.020, 0.011
the amplitudes are quite large compared to the sag and increase
rapidly with velocity.
These are two possible reasons for the irregular amplitude
responses at different sag ratios. As seen in Section 4, the
aerodynamic forces are quite sensitive to small imperfections at
the edges of the cable and since no specific side of the square
was chosen to face the wind, two different sides facing the wind
at two different sag can give unexpected different results. Sec-
ondly, since the cable is not entirely free from small initial
twist at the clamped ends, it can affect the amplitudes to a cer-
tain extent.
6.3 Theory and Experiment Comparison
The static aerodynamic force data measured for the square
section cantilever beam and described in Section 3 can be used for
the cable since both are of same cross-section shape and the ex-
periments are in the same Reynolds number range. For numerical
calculation an average representation of CN and CC has been used.
C. = I.o tamp - 1.at< 3 ,C  1.04 (6.1)
Cc = 1.4 (6.1)
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For different values of P1 and Qo in the range obtained in the
test, the solutions given by Eq. 5.21 changes slightly but the
nature of the solution remains unchanged.
To check the static representation of the cable one can
compare the linear first natural frequency at zero velocity given
by Eq. 5.22. This is simply the frequency of small horizontal
oscillation of the sagging cable.
d/Z Wol (Theory) Wol (Expt.)
0.080 2.5 2.5
0.059 2.86 2.8
0.043 3.3 3.3
0.029 3.9 4.0
0.020 5.2 4.6
0.011 6.1 5.5
They are found to be in good agreement except at small sag ratios.
The static positions at different velocities are computed
from Eq. 5.11 and plotted in Fig. 20 for d/Z = 0.059. The top
picture shows the side view of the cable position, and these are
similar to those observed during the experiment. The inclination
of the cable from the vertical is also shown in the lower picture
and is found to compare well with the experimental observations.
For other d/Z ratios the results are found to be similar.
The steady state amplitudes are calculated from Eqs. 5.21
by harmonic balance method, assuming no second bending mode is
present;. The results for d/ = 0.059, 0.043 are shown in Figs.
24a,b. An estimation of maximum induced angle of attack from the
frequency and amplitude shows that it is well within the linear
CN range. Since the structural damping is not truly represented
by the critical damping ratios ,, the solutions with
, 3, = 0 are also shown in Fig. 24a. Exclusion of structural
damping does not change the amplitude substantially except near
the critical velocity. The frequencies agree quite well with
the experimental values. The amplitudes are only in qualitative
agreement for these two sag ratios. Theoretical results for
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other sag ratios give frequencies which are close to the experi-
mental values and the amplitudes follow the same theoretical trend
as for d/t = 0.059 and are in disagreement with the experimental
values except for the similar trend of large increases in amplitude
near the critical velocity. From the experimental results it is
observed that the aerodynamic lift forces do not reach the values
given by the quasi-static theory due to the lack of spanwise
correlation.
0O
SECTION 7
CONCLUSIONS
The present report has investigated the self-excitation
characteristics of a square section body in the form of a vertical
cantilever beam and a sagging suspended cable when placed in an
uniform wind stream. The self-excitation is due to negative damp-
ing type aerodynamic forces induced by transverse motion of the
body. Unlike the vortex excited oscillation, this kind of self-
excitation can take place over a wide range of velocity, inde-
pendent of the natural frequency of the body.
Since no purely theoretical method of predicting the aero-
dynamic forces on a bluff body with turbulent wake exists,
experimental quasi-static representation of aerodynamic forces
was used to determine the responses theoretically. They were
compared with experiment to examine their applicability for large
three dimensional displacements.
Experiments were conducted with a square-section flexible
cantilever beam, free to deflect in any direction without twist-
ing, and placed at various initial angles of attack. The static
aerodynamic forces were measured for use in the quasi-static
theory. The dynamic responses and transient motions were recorded.
The steady state amplitude in general increases monotonically with
the wind velocity but in certain cases the amplitude drops off
over a range of velocity (Fig. lla). In these cases the response
was found to be very sensitive to small changes in initial angle
of attack %o (Fig. 12). The linear equations give unbounded
solution beyond a certain critical velocity and the amplitude of
oscillation is limited by nonlinear aerodynamic forces. The
theoretical solution for the steady state amplitude agreed only
qualitatively with experiment, generally overestimating the values
and failing to predict the peculiar amplitude drop-off behavior
(1
(Figs. lla,b). When the beam was at an initial angle of attack ao
the agreement was again qualitative (Figs. 12b,c,g,h). The
discrepancies were probably due to imperfections of the beam,
unsteady aerodynamic forces and Reynolds number effects.
Experiments were also conducted with a square section,
sagging suspended cable. Large self-excited oscillations were
observed and the amplitude and frequency of steady state oscilla-
tions were recorded (Fig. 22). The frequency response showed a
regular trend but the steady state amplitude values varied widely
with different sag of the cable. In the equations of motion, the
tension in the cable as well as aerodynamic forces contribute to
the nonlinearity and can affect the steady state amplitude. In
the first mode oscillations, the motion remained in the linear
range of aerodynamic forces and the amplitude was limited by the
tension forces together with the damping forces due to the drag.
Reasonably good agreement between theory and experiment was obtain-
ed for the frequencies, but the steady state amplitudes were in
qualitative agreement only for two particular sags (Figs. 24a,b).
Again, these discrepancies were probably due to imperfections of
the cable, unsteady aerodynamic forces and Reynolds number effects.
Thus, the aerodynamic forces acting on an oscillating bluff
body with sharp edges were found to be rather complex and quite
sensitive to small imperfections and sharpness of the edges,
giving rise to unexpected responses. The actual motion induced
forces do not reach the values given by quasi-static theory due
to imperfections, lack of spanwise correlation and unsteady aero-
dynamic effects.
The results obtained here may be of interest in understand-
ing the wind induced oscillations of tall towers, buildings, launch
vehicles on the ground and power lines. To understand thoroughly
the unsteady aerodynamic forces acting on bluff bodies with sharp
edges, more dynamic tests need to be conducted.
62
APPENDIX A
CANTILEVER MODE SHAPE
The first bending mode shape of the uniform cantilever
beam fl(C) of Eqs. 3.2 and 3.19 is chosen so as to satisfy
the free vibration equation and all the boundary conditions
(Ref. 30).
f () = osh A , - C gag - ° ( Si rhY % - in En )
For first mode 6 =
The integral
1.8751 co, = 0,.7341
A ,o i Ai [ I 1wly.f.
are ealu-=2
are evalu-
ated numerically using Waddel's rule of integration.
A2 = 1.478
= 2.348
= 6.673
= 20.71
= 67.73
I ( 2d =
I' (d 2 2 =
= I
A3
A5
A7
A9
D,
4.618
12.362
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APPENDIX B
HARMONIC BALANCE COEFFICIENTS
(FOR CANTILEVER BEAM)
The functions are obtained
from the integrals
I (, b,, a2 , b2) =
-Yr tm=3 n=o
__ (-b, St + at I) o
(-2 'A 4 Q, G/,t) Sn tcZ
c, L (a,,b,, .,b)= I- Z
-x Yn-=3 )no
and similarly for
fc2 (a(, b,, c ,
f52 ( a, b, , a2 b 2)
b2 ) by replacing
it is possible to get a general ex-
pression for these
Case I
integrals as given below.
(m + n)
.fC (at, a. , 2) 
c (at~, a2, b) _
even
0
6114
mr (_- ID t
L,
Qa , Cor)
If
and
zrm by
f St at, b 1, cK2., 62 
. ( - lS Sin 4 G Z 'I) .,,z z
6 = 
m even, n odd
?S, (a,, 0o 12j b2) =1 I (oL) G n.r'U-
(, o, , 2, b 2)
W 4 )1=1,3..
(02) (7b ) Hmnr
u
n-I
e= 0,2,4-
Case III rn odd, n even
n-b
"C, (-b,)
%,c
m= 3,5- n1-2,4-
2- (rnm~~~v.-
=1,3, 5
hCr (;
n)-r )
2) (-b2) 
r= , , 4 ·
r (-r) I
o [( +r- ) ( +r- 3 ) -..
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l(a ,° 2,b2) = 
f C O( :' 0 o a2, b2 )
y(2) rnr
rn = e,5..
I
where
:-- C
G nir L x -- 3.1]
Case II
ln-I
rn Yc y
(04 r.(-6,z 
m=4,4. n1,3.·
yl- 
ftl
H n V
-3. 1 ] [ (VI-y')( h- r-2)
RYA +n f 1) (m - n - ) c +- 3 ) -
J
2k (K-2)(K-4)2- 3. 1 ] [(r-i) (' -3 ) --
l ere k = " n - r
factorial or first bracketed term are negative, they are
set equal to unity. Also 01 - j .
, c2 (fa,, O, X2 b )
the same expression after replacing
are given by
by Ym
c- C-11
H mn = '3.1
If any
f Is2. CL) 0, a - b 
[(rnmy +) (m+,n I) (yn-+ - )
APPENDIX C
FORCE COEFFIC IENTS
The quantities
Eq. 3.46
Let
Zo, I1,"' Z5 S Yo, Y ,' Y5
,r tomvn taun c, are defined as below fo
PY
Qn
used in
4 0.
=( Pn - a tnc) 0n3da.
(Qn + Pn tCY 04) Gn_ 3 
zo I [i- 1t tC(X, + to No0- tanM + ' t 
, [ 2 ( P- 2) Lowcc. + 'P, (I- o) + .md. + 4i.)
- P ( t3 o + 2to,56)]
Z2 : %t naomt . F o 
,q tr, o + m2 tam3od,()I
+ P4 ( t o(o)]
Z- !5 = - P (2 ]n ro.
are same as above if Po, P, ' P4oJ are replaced
by Qo, Q,' Q4
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Z . = [-~3 f:.,o
yo, Y... Y
F, - 3Ti3 cry q- tmV"G ) + N (60 ~C(- + W f b43
L Cj 3 ( t1n~lo
APPENDIX D
CABLE MODE SHAPE
The mode shape (o) used in Eq.(5.14)
are the first and second bending mode shapes of a freely
vibrating clamped-clamped beam (Ref. 30).
{(6)= 8 [t'~~ 1.58 CoskEl - G'516 ~
[ Gsh E - n -I 2 -. ( Sin4 62t - CAE2 )]
= 4.73
C2 = 7.853
cx, O. 9825
0(2= t. 0007
An , , , 8b~, D,
integrals as defined below.
J [f(Y) ]2 d 
SI
IJo
Jo
D, 2 pr are mode shape
Mn _ Al{t1/ I -- ' 2 [ tI (, I [ 2 () I
j It, (f ]Th [ f' () I
h ()
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The
A20
Ao 2 [f2() ] 2
A
Ao2
c1
11(0 j f 2
-4 (xi &Y1 6 - Zs-'Kle )) 
f (0. 5) = I. 0
A M
5 mn
i2 fE ( ) n(I) d g
F
I0
10
-_ i' d _. ~)d C)a
I . 1f, da ) 
Bi, 
_ _a
It may be noted that 12 = has been used in the formu-
lation. 6 , A, , etc. are tabulated in Ref. 30.
Bit = L4.877
B22 = .05
I = 198.46
D2 3803. 5
The An are evaluated by numerical integration by using
Waddel's rule.
A20 - 0.396
A0 2 = 1.0
A40 = 0.73 4
A = 1.689A
04r
A22 = 1.11
A' 22= 0.4422
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APPENDIX E
HARMONIC BALANCE EQUATIONS
For the harmonic balance solution of Eq. 5.21, it is
convenient to make a change of variable
41' + o
Eq. 5.21 reduces to simply
+ Tm + + m ( b1 + )
- Sm=O
yi y _ 2- (I( 3b2+ So )
St - r a l o
For convenience all sign are replaced by a first subscript 2.
Thus
0,- Ego = b + b,, 11co t +
ct,,1 cur + 612Co, 2cot + ClS2 inyZXZ
a ztSn ,w + b22nO2WLt4-z + zin2ZCO
replaces Eq. 5.23 
The algebraic equations to be solved are
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where
m= ,2
bi=
j32 = I -- I 
~~1·~I
~2-- 170 = 10 7.1 G"DW C -~
Constants:
r2 
° 11Z 
b B
.M no + = (bSn + ,An ,t bm. bn + t 2 A n2 )3
Cos o:t. 2 O
+ o<, b o
-+ aQ.l,, * b, 2.bn3+ Om7An 3 ) = O
c " b, 1
"=I
+ (b A-,,i- - bm An, +bmAn,,3 a- n )} = o
Cos 2c t:
+ m QCt2
2
+ oCl (=oBnZ
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3+ Ci 1An5+ bl 4+ ,   + 2. 4) }
+ cI, (b o AI^l
12±(b Anl+ OwtnilI,
+ 9^m
= b 2 2
= z b6 n bn
= bno an 
6 6n- + (oA an
+ bnIb Q + 0biyln
+ bn, qn1. - bnQLCtnl
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+ co I
+ ( m, ~n 2 +
Sin COt:
(r-- 1) CLnI
s= O
B,+ b.,, o )
(b rOA + amiBEno)
Sin 2t:
+
where
+ b. An,,
B no
Ow An2. i- 66ml
6yn .5no 
2- ml (6 e - An,
VI I+ a 2.1 noGj Im 6M2
+ 6rftt An- - va b 3
6 MOa
+ b Y
,MD
( -- 4 ) 6M .
-W- S q) 
2 b n bno
+ b u,
aQ, )I ( bn 
= bn1 °,n 2
Newton Raphson's iteration scheme for solving a set
of algebraic equations.
+ [ J]i vNERE. Lih L X1
o -i 
One assumes a trial solution
solves the equations
[ l l I
and at each step
J r
l n+I
= x +1 iAxt
Inj ( L J
Convergence criteria Xj is of order 1.J
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TABLE 1
CANTILEVER BEAM PARAMETER
Length
Side of square
Mass/length
Young's modulus
1
b
m
E
E I/mgl3
= 13.1 inches
= 0.09 inches
= 0.01233 lb/ft
30 x 10 psi (steel)
9.58 (From w, )
= 9.74 (I for round rod)
First bending mode natural frequency
W, = 9.4 CPS (Theory 9.5 CPS with I for round rod)
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TABLE 2
POLYNOMIAL COEFFICIENTS
The following table gives the coefficients P Qn of
8th degree polynomial fit of CN, CC vs. TanB curve of Fig. 7,
8 respectively.
CN vs. TanB
Position
Velocity
P
o
P1
A A
37F/S
0.025
0.88
0.25
4.37P3
P4
-10.0
P5 -151.8
117.2
P7 454.7
65F/S
0.025
0.62
0.07
7.67
D
37F/S
-.007
1.35
-0.7
-14.7
-3.9
-181.6
52.0
526.2
-340.0
-18.3
83.9
172.8
-263.8
a
CN = 2 Pi (tic
nto
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TABLE 2 (Continued)
CC vs. TanB
Position
Velocity
A
37F/S
1.24
-0.3
-9.8
7.9
200.1
-66.7
-1208.4
159.5
2434.2
1.54
-0.47
-14.5
9.1
255.1
-60.4
-1471.1
123.1
2890.0
C = 21 Qn (tymnr)
nro
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A
65F/S
D
37F/S
Qo
Q1
Q2
Q3
Q4
Q5
Q6
Q7
Q8
1.07
0.2
-3.1
1.1
115.5
-12.4
-789.2
24.9
1699. 0
ltcmrl < 0.45
TABLE 3
CABLE PARAMETER
Span
Square section side
Weight/length
Bending rigidity
Tensile stiffness
E I/mgl3
AE/mgl
1 = 3.02 ft
b = 0.09 inch
mg = 0.00675 lb/ft
EI = 0.0019 lb-ft2
AE = 7090 lbs
= 0.01
= 0.3478 x 106
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TABLE 4
CABLE RESPONSE DESCRIPTION
= Free stream velocity in FT/SEC
= 1st mode oscillation frequency in CY/SEC
= 2nd mode oscillation frequency in CY/SEC
= Inclination in degrees (see Fig. 20)
= Midspan single amplitude/span (see Fig. 24)
2BM - 1st and 2nd bending mode
d/ = 0.011
2 8
_ 0
WM/d
-16.3 30°
17.5 350
19.0 40 °
- ~650
- ~80o
0.4
0 .95
1.02
Remarks
Small 2BM
,,
IBM, Small 2BM
iBM
1BM, Small 2BM
71 18.6
61 16.3
34 11.0 - ~60o
18.0 400
U
(1
m2
WM/d
iBM,
51
5.5
U
0
20
26
29
39
51
9.5
13.2
14.8
1.6
1.3
It
11
0.7
26 Small 2BM
1
TABLE 4 (Continued)
d/ = 0.02
U
0
29
36
39
47
60
73
81
59
45
w1
4.6
7.8
8.2
10.3
13.5
16.0
17.8
13.3
10.0
0
00
w2
13.8
15
17
.5 650
7.0 70 °
- 780
- 850
20.Q0 7
20.0 750
WM/d
0.16
0.2
0.28
0.57
0.74
0 85
o.58
0.21
Remarks
Small 2BM
Small 1BM & 2BM
BM, Small 2BM
it
i,
tt
13.0 ~50°
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TABLE 4 (Continued)
d/ = 0.029
w 2 0
0
- 85
28.4
31.3
WM/d
M
Remarks
Small 2BM
Small 1BM & 2BM
0.23 1BM
0.25 1BM, Small 2BM
0.12 1BM, 2BM
0.06 2BM, Small IBM
Ul
0.14
0.24
0.
780
IBM, Small 2BM
11
09 Small 1BM
- Small 2BM
- Quiet
8?
W1
4.0
8.3
11.0
12.5
14.2
15.7
12.2
9.2
8.3
U
0
32
45
50
68
78
88
99
75
56
50
42
36
TABLE 4 (Continued)
d/ = 0.043
U
3.3
8.8
,, 
InI1. U
7.5
7.8
8.6
10.0
11.3
13.8
12.3
10.5
9.2
7.4
- 13.0
00
570
720
- 870
~80°
0.04
0.31
0.5
0.6
0.65
0.43
0.53
0.64
0.6
0.49
Small 2BM
Small 1BM
iBM
iBM, Small 2BM
iBM & 2BM
i,
IBM, Small 2BM
Small 2BM
Small 2BM
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W1 °2 0 WM/d Remarks
0
28
39
55
58
65
76
88
100
94
82
69
54
47
3
TABLE 4 (Continued)
2
00
450
.7O 
13.8
10.5
9.3
U -
WM/d
0.52
0.66
0.74
0.74
0.74
0.68
0.44
-750
-600
Remarks
Quiet
Quiet
Small 2BM
1BM, Small 2BM
it
Small 2BM
It
q r%
u
d/t a 0.059
U
0
29
41
61
62
73
83
90
73
61
49
46
36
(A1
2.8
6.9
7.7
9.1
9.8
7.9
6.7
5.5
TABLE 4 (Continued)
w2 8
00
7.7 ~62°
9.2 ~750
-780
- 800
- 850
9.2 ~700
300
WM/d Remarks
Small 2BM
i,
0.36
0.51
0.52
0.48
0.31
0.33
0. 44
0.34
1BM
TV
1BM, Small 2BM
I!
I!
it
ff
'i
,,
Small 2BM
it
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d/ = 0.08
U
38
47
50
63
70
83
99
93
76
54
47
24
w1
2.5
4.7
5.8
6.5
7.8
9.3
8.8
7.1
4.9
FIG. la OVERALL VIEW OF TEST SET UP
FIG. lb CLOSEUP VIEW OF SPECIMEN BEAM
87
OH
H
04
m
C,
0H
E-
P:
H
O
H
0
oLn
II
o
C) 
rH
EOII II
E- E-4H 
O
II
E 
O
r-4
C,H
88
WIND ijEL
.D5" IN--i
'IUIUJ T'ABLE
Y, V
I
SIDE VIEW FROlT VIEW
FIG. 2a SCHEMATIC DIAGRAM
z,W, Fz
TOP VIEW
U
V, Fy
''wIIUAl UALl
FIG. 2b COORDINATE SYSTEM
89
!X
i
U
®
F
II
2f INAN
-- 7
I - :,
W
- -
I - - v- 
I
I
I
-
i
UREL
7, W,Fz
T
Y v , Fy
D
FIG. 2c FORCES ACTING AT a = 0
& %41te C
Y, V, , Fy
FIG. 2d FORCES ACTING AT INITIAL ANGLE OF ATTACK ao
q n
V
a_ -2
4 3
b
12 
AnR2 C
- _,
d
'<t/
"J 7
FIG. 3 FLOW AROUND SQUARE SECTION BODY
1.
-- l
-*I-
NOI,TI%d NID4S LV LLI0OTA
92
0r1,
X4 Eq
0H
Cl)
rT Co >
U)
Zo O;
Is-o >o
ZOH
EqHo O
Z
H
O
U)
C E
O
©
0o 
1- \~~D
.J
U
93
O
H
0HOUn
0
o
Cd)L:4
To
0H
E
<H
:3
H
Iu
H
H
tI
Z
HOE-
E
r,.
0
H
HE-¢
U
L:
H
914
i EM
I-
u1\Y8 L
0HH
0o 0
rH
o O
0 C
0
o C)
0H HEE
0o HH
0Oo 0 H
0 E
0 H
I X
95
0
C
o0
z
o cO 0
PIH
o HO00 0
N C)
E
E
-4
HH
E
o H
o OH
o E4o
rJ H
CE
96
J
Lrd
'd 
U
0
I
UHo
0H
an
(i
VJ
H
F-q
97
o
cz
u
H
0O-4
U
P
H
FX
98
a
.
cn
oJJ
o 0 ·
CoQ
co
c~
Z0H
N E-EH
o c4ac
U)
CM C)
* e 0
o HI u0 I r-
co
o
99
4
4
4 IC
C l,
4d0
0(V)
+
O
0
0
0
0
-.-
N
\
U
H-
0
o
0
0
0
0
0 ·
0
H--
0
C;
O
z
H
v* J
o C)20
o
o o(\I
0
Ho) FL.
o
I
o0
0
I
100
0
U
co
.o
Hr
co
0
O
0
/
r S
CLI 
I
a
.
X
0o
to
I
H
H)
o 0
X0o
d X
0
a 
101
4
E-
0
0
i
iH
o
0
0
H
Eq
H
v e4) CN
-
A
-- 10 SEC - (Cn = 94 CY/SEC
I.. t- -- - - -. -. - -.-,.----4-4 -.-...--- 4-.- -.--- +
FIG. 10a SAMPLE FIRST BENDING DECAY RECORD
10 20 AMP,- Wr/b
FIG. 10b DAMPING RATIO VARIATION WITH
AMPLITUDE IN STILL AIR
102
20o
10 -0
10 -
20 -
0.008
0
H
E-
0
zH
P4
I:
0 .006
0.004
0.002
0
0
IJIWIIIHIUIIUlfllulllYuuuuullra.u. .I
`I11(":'tlI W
H
C
0
0
0
0o C(o f-r
E-l
o HCI
C-
o H
o
-
-4J E-
C(
cD o o
q / M -- CHIILIrScV
10 
I
{
kIIIII
fI
o 0X
E~
o b
0) o
Pf00o
H
-t
'O
C) r-
o- Mc rH- O
104
U-'
0
-O
c
c
o
o r
r'% L
LC\ I
OC
o
I
oc 0
N-
,&
0
4-I
II
U)
(V1
H:
r-i
H
0o
H OU) F4
105
o
0
_-
U)
U'
0
II
I0
d
0H
E-IH
P4
O
Z
H
H
Z
HE
H
H
H
U)Z
H
P
E-
<E~
U]
o0-
0
IrA
0
Ln
I
.0
cNJ
r-i
Cf~H
Dr4
I
I
I
I
,\A.
I-
0 0~~
oo
o
L-0
0
I
00
0
Ln
O
0
H
u
0
H I
o
0
H
-0
C
00H
II
v
-;T~3
Z0H
I-H
U)
I40
rrl
z::
H
E-HH
EH
z0H
Ei
zH
H::4H
H
H
E
U)
E-
UH
-/
3: f
\(
!1
:::
v
Clq
t.-
_n
J 
ro
N
H
C4HX
0
'8
3
I H
0
z
H
oE-4H
O
11 0
II 0
C C
Ln
H
H
H
E-'
z
H
I t
T1 Z
z
E-4H
C4
H E-11 :E-
U) U)
4a
cC
CMH
107
-o
I
C
c-
c-
I
o
o
Ln
0
oo
~4
d ~~~~~ a~~
I
0n z
,! - I 
H
E-
H
Ur)0
o
0
II
j u
HE-
ZI H
H
I Z
H
I 0
at 1 :-al z 
a j ~~~~~~~~~~ a 1'~~~~~~~-t)0f4 
E-
H
m
co -:4
II -
(n ¢
Ec
r-
e3
I I
FM,
_0 P
0
r--
0
0
0L' I
O
C
C
L L
C)
OI
0 0d
-
v
n
.ii - v,
WT,/bt -· - . - - :- T"- : --+· ·-- ·. -- i- · ·-- S -- --- --.~···'---; -:1 3- 4:""--- ---- " '- | 4-5 [ ' - * ; ' [ i I -...... : _ ; ..- ..- . . .
_ e---.-~ i ~~- +-  - -;--- -----, ~--~- ~ -e ~~ii -- t- .. il --3! - ~ ,~--- - - C i:
-- { -{ 1 : g - ~ -4'tt , , 1 -; . ·! . S i .I: 1 i. i - T. . ...... 
. . . __ ...... . + .·~- -.._ . . ,.. .... -.. X -- -·m¢.... 3 ---r- --i ·------I r - _ -::-; - -  - - -r -- -- --
J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~. |. .tr. 0||.. ID '| '',, <, ,,,l - 3;z[ - - 4-~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~4
t . ' ' i1 S ;, j' 1.. ' - ,,. ,  . _........... 
. ..... .  jF_._
. i : i.Q !_J.J.L al - sm... . !7 -ti~eI~A~ca5AL~w~t'ME&.Lffi. 1 .m .. i. ':i 
21 SANBORN ya CHART NO. 121 SANBORN
-_;- b t ?- | - > X - J -- -- i - & * i l ! . l S
r * F- -. . , . . -- · · · · -,, , , ·, .. , , | ; ,, , ;
S
If-w/b
rC rl~nI Q~t~'·~rr 9$ thig~ - .- - . . ..
l. .L
FIG. 13 SAMPLE TRANSIENT RECORDS (POSITION A, a = 0)
109
. - I- -_ _ . w ! _ , . a .
* {-
?
Z OI
WT/S -r/ I 
' WT/b
-10
,,. , ~. , .~· ~t:..~".... .''..' . '"'~":"'; ; ~';! '' ;"''i '1 ·:.!!~r ··- l·'···~--·:~ ·~~-·:-:'rr"'l~" "'~~''·";~.. .
. U=44 FT/5F-c
(W= 9A. CP,6 t 0EC
I- - 4 ~~~~~~~~~~~~~~~~~~ - --- ----------- - t - _ _ _ _
. WT/b
,tO ~ ~ '· ·g
· :::·
: ! ~ i:~.F<'i~~~~~~~~~~~i':;:"i~ :.' X':X. :~.::'.1.. i ' ~. f:: .: : ¢ ':. ~.f':', ":? :.:~. .."i..··· i ;· a·~i ~ x i·~,~ ~ t  l·~" :··r~ li~ ~:·:I~··
:i) * 4r CP5 .
4~~~~ -- __ ___------- --- --- ------- 4- . -~r-----e-------*------------ - -;-f·----
WVT/b
tC . . . . -:- ..... .. ...... . ... ........ I-1
. . . ........ r .
',
-U=65 T/· , ,
r " r~~~~~~~~~~'*,
· ·~ ~
~- - ' O'
-
-
~ ~9,4: C P ,1
.~i~ -4 i ' ...........
FIG. 13 ( CONT'D) SAMPLE TRNSIET RECORDS ( POSITION A , Co= 0 )
110
-.
3:
CI
24
FIG. 14 TRANSIENT RESPONSE (POSITION A,ao = 0)
111
II!1
0
0H
0zH
a
I
EH0
HZ
F-i
-r c CU V
, D CO I C)
I I I I I
* OmLV rTNI( VCI
112
D
12
(a) (b)
1
)
(c)
'1
I
I
I
(d)
FI3 . 16 GRAPHI 'AL REPRESENTATION OF STEADY STATE
AND STABILITY FOR 1 D.O.F. MOTION
SOLUTIIO O
11 3
/,
/
tA~3 %
'n
L(O/t-)
OL
J
/
/
/
I ",! 
(,1L)
(r)
I
/ I/, I
i~ Ia 
I
-1I I
(g) (h)
FIG. 16 ( CONT'D ) GRAPHICAL REP'RESENTATION OF STEADY STATE
SOLUTION AND STABILITY FOR 1 D.O.F. MOTION
114
I
2
At 3
(e)
1
A, 2
ut 2 ;u 83 i
B3
!
I
"a_)
(_n
I
FIG. 17a SUSPENDED CABLE IN WIND TUNNEL
SPAN 3.02 FT d/ = .059
115
"-----U
FIG. 17b SCHEMATIC DIAGRAM
SIDE VIEW
Wo
V 8 HV(A
FIG. 17c COORDINATE SYSTEM
116
Y
I , l ,
pll

QC 
I~~~~~~~~~~~~~~~~~~~· - ---- · ·-- · ;
-·lr v
.................;' ..,......'I' ~' .... _..,... :'. . -'' : ~" l'; " ~'.~~
~'~;...~~i:~!'... j 7. to'...-..'.'.::-;.o'' :..- '-.. :.i.... i.,'t -~ .. ~.~ ...1~~~~~~~~~~~~~~~~~~~~~  ... 't:ti~~~~~ 11
: "'.:'': ':: ".: .]' ': ..
~:. '& : ....... :t.; ; ; .._'t; % ; . ... ' Li";'': ... *-,.~-:.i :--.. 
~ '( ~':~ii;.:''~ :f;:i' i!" ' ~ '!~"' k~ifi'i.~ki.]':':iq~ .~,.:' ~ i:~ '-i.' -:~:;~ :'ii : i<.,:,: ;-:- i:' :-k.-~-'~-"'~: - ~; ;
' ,;'; i !.1: ! t.lF 7t .. ', ':
I, .:~2 ~ I, ..
I f l r p lh r f~ '~11[.11?"7 "..7' :L"/:°' 'T:' 7!..."-- .... 'f-: ... :.,....~ .: : . . . ,:-~.;-- *-' ~ . . . ......1 it~ ~ ~ tlt rw~ ~ u t ~ ~ H .: + .-j .- 7 < > . - -a p -
1 ~ ii-tr .·~
T, -~tTt- r -I· t i- i
· t ~  ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ i ......... _.......; ... . : ., ,.
FIG. 18a TYPICAL DECAY RECORD FOR
d/E 0.055
0.05 0.10 d/,
SAG RATIO
FIG. 18b FIRST MODE DAMPING RATIO FOR SMALL
OSCILLATION FOR DIFFERENT SAG RATIOS
117
3 '1
a
I
0
0.015
0.010
0.005
0
0
I I .1 I I I I I I I i
i
· i' i ·" '· "
-'r--'·· tl· '.-'^. "r ... -- -- *-·-.. ---*---··r·- r· · · ·)--·-- i··. · : I··
* ' '`'
1.. .r ..
:-·
I I I I I i I I I I
m
oH
0Q
O3
o :Z)t"- H
o H
0o z0H
E-4
H
:O Z
H
zo 
.x E-e
m
HO 0
H HU)Z~O 
o 0 o 0 0 o o
c\ O co 'o o/ C C O
°°1/QL - NOISNL
118
o
r4
1.0 oo/d
30
Po
10
LE 
A-
ld/ = 0.059
C- = 1.4
,/ = 0.59 153
EXPERIMENT
__ THEORY
0 20 40 60 80 100 FT/SEC
FIG. 20 STATIC POSITION VARIATION WITH WIND VELOCITY
119
0.0
0.4
0.6
0.8
V _LOclTY
FT/SEC
Woo
d 1L.0
x
!X
x
d/b
o.60.4 0.80.0 0.2
I
l
0
rn
o
00o 0
EH
O 0
Z
HE-4H
0\0
0 Z
r'-H
0
o H0 ,0t <
E'"
C)
o D 0
H O I) 
c- r ;
120
D
'0
lOd
0
6
Il
-o
CY/5 s.
14
12
110
-o
0 8
6
4
2
n
0 20 40 60 80 100 FT/SEC VELOCITY
W, cN)Wt1 A'w)
-. f.
1.5
1.0
0.5
dl 
, *q n* i; 
0.08
0.043
1 _ II I
0 20 40 60 80 100 FT/SEC VELOCIITY
FIG. 22a STEADY STATE FREQUENCY AND AMPLITUDE RESPONSE
121
e- U
II I I
00 · i <4
= 
° °
6 () 0
N q' ~000 0066 
I I I I I
u
LU o
V) m
/u
o
,-\
I I I I I I I I I I
- i
A-;f11 "T lR)'Ai
122
a
I
-0d0
If
H
Q
0UU
O
oo
M
Z0
U)
o M
0It
o )C
00o
0
u
cQ
H
ru
00w
o
CD
.... I I I I 
1-[ Ullf (YTF
4.0
3.0
0 0
2.0
1.0
0.0
0 - 20 40 60 80 100 FT/SEC VELOCITY
0
o /
/ o
- o/ 0.02 d/t
- 0.8 I
sfi I
zR~ o(/
-o 0.6 I
N -J
0.4 o/
0.2 - o/O
0,
O. O1 I i I I I I I I I I I I I
0 20 40 60 80 100 FT/SEC VELOCITY
FIG. 23 STEADY STATE FREQUENCY AND AMPLITUDE RESPONSE
12 
d/t, SYMBOL
0.011 o
0.02 a
0.029
0.043 v
0.059 x
0.080 A
o~-. ,, -
· .I ., I
I I I I I I I I I I I I I I
0.059
0.043
0.08
0.029
40 60 80 100 FT/SEC VELOCITY
100 FT/SEC VELOCITY
FIG. 24a STEADY STATE FREQUENCY AND AMPLITUDE RESPONSE
d/ = 0.059
124
4.0
32
i
>5
3.0
2.0
-~/j
9',/,- (.) o = 2.8 CY/s5 (EXPT)
/ 2. 86 CY/5 (THEO)
e- -5 ~' 1/ 3cd/b
d/E - 0.059
I I 1 I i I I I I I I I I I
1.0
0.0
0 20
1.
0.
-o
H
z
I
0.
0.
0.
0.
0.2
n ir
U 0 o
v
0 20 40 60 80 100 FT/SEC VELOCITY
V
/
- EXPERIMENT
- THEORY 1;,, 1=0.01
I I I I I I
20 40
,6·~·
60
I I I
80
I I I
100 FT/SEC VELOCITY
FIG. 2 4b STEADY STATE FREQUENCY AND AMPLITUDE RESPONSE
d/Z = 0.043
125
3
s 3.0
2.0
1.0
0.0
1..U
/
wot = 3.3 Cy/s (EXPT)
/ 3. 3 Y/s (T HEO)
a--l /0T =o .593x tod/b
d/. = 0.043
i I I I I I I I I I I I
0.8
-d
][
0 6
I I I fI fI I I I
0 ~ ~ r
_
_
_ _ _ _
I
, f
_
.
-
32~___ ---
--- AA= = = ~~~~~~~---
- s
-? 
- - -~~~~~.~-
< ~~~- 
- -
o u]
x0 
H 
UI
II II
-=3
ID
.- 0
cI
H~ZInllldNV
CD
126
o
H-
0
'40
H
HE-'
o 5.
- ZH-N 
0
r.Z
OC)
H
o >
-Q
0
r-
I
_ · 1 · 1 ·
--
I
----
i,
(

Zs-ii
--
.e
z;;-"~s
't
I II
t 
t
CI_ _ _i--=~~~-
~- =
_ 
-----
,
--Txcc
c -~~_ _~_~_~_,
=~~~~~~~~~~~---
-~~-·-Z-- -
= -?-
----
c ~--~--cI
=;---------~~ ^
==~~~~~~~~,
- - - -- -- --
c, ~ ~ -=zZI
0 O O O
Hanl.Iqawv
127
u
w
Hr°HE-4
O
Ln
Ln
l'
Z0Hp
0
H
H
H
: H
I
0
cf:
0
H
E-
.L)
P:4C
0
IIE1
"L
C'0
-o
!
0
0
I
L--·C-CILI·
------T'
--------- b
-1:
F-I .
--- 
-
~~~~~~~~~~~-----
h^ 
-I -
- ==-----
~~~~~~~_
~~ ----
~~~---l 
----.
~c~---_ 
----
_ 
_
~`-----_ 
-
==L ----- ~~=_--- ^i
-- I~~~~~~~~~--
-------- ==----
-`-"---- - ----~
A------"~== ~~---
-__ ___~~=t
An=~~~~~~~~~~- *-
0
CO
N
0 1
0 :E 0\
II II
1 ,
dD-
0
¥;
( c c
0 o!;
CanflIawv
128
F
H
Ee
m z
O
E-A
H
E-
¢ 
W4
C()
0
PI
E6
H
o? Z
- Ln 
H P:
E
E-1
u .
CDH
-Lr\ X
C0
I 
--------r"----r,
-cc`
u
H
x;
V)[1
I -
C-
UNCLAS SIFIED
Sectltiv Clestificatlon
_____ -·-- 'e"C- 
_--[ ............. DOCLMENT COHNROL DATA - R & Dd. ($Bca.l.:r c...ffcation of ll..e of ah  ct r n In.rh. wannolitl .o mudS be *nter.d whn Shl o rllp rrt le clal(tled)__7 4 a 4,r:cnmuIbo·(rc~wh~ hror·  
I COlIGINATING ACTIVITY (Cotporelea thIIo) '. REPORY SECURITY CLAS,3IFICAT-iO
MASSACHUSETTS INSTITUTE OF TECHNOLOGY UNCLASSIFIED
AEROELASTIC & STRUCTURES RESEARCH LABORATORY zb. GCRUP
CAMIBRIDGE. MASSACHUSETTS 02139
s. REPORT TITLE
WIND EXCITED VIBRATION OF SQUARE SECTION BEAM AND SUSPENDED CABLE
4. DESCRIPTIVE NOTES (ype of report aid Inclulsve doles)
Scientific Interim
S. AU THOR(S) r (F.FrI 'a, middle Ihltl. lt name)
VIVEKANANI)A MUKHOPADHYAY
0. PEPORT DATE' 7. TOTAL NO. OF PAGESF 
May 1972 128 39
a. CONTRACT OR GRANT NO ORIGINATOR'S REPORT NUMSER(I)
F44620-69-C-0091
b. PRO.JEC T NO. ASRL TR 15 9-3
9782-01
C. 112F OTHER EPORT NO(S) (An, oelm nsrber at my be asIled
d. 681307
O0. DISTRI8UTION STATEMENT
Approved for public release; distribution unlimited.
II. SUPPLEENTARV NOTES It. SPONSORING MILITARY C TIVITY
AF Office of Scientific Research (NAM)
TECH, OTHER 1400 Wilson Boulevard
Arlington, Virginia 22209
13. ABSTRACT
The self-excited oscillation of a square section vertical cantilever beam and a
square section sagging suspended cable in a uniform wind stream was investigated
theoretically and experimentally. Experimental quasi-static representation of
aerodynamic forces was used to determine the responses theoretically. The excitation
is due to negative damping type aerodynamic forces and the amplitude is limited as
the forces become nonlinear. The governing equations were reduced to ordinary
differential equations by Galerkin's method and steady state solutions were determined
by harmonic balance technique. For the cantilever beam, the solutions agree
qualitatively with the experimental results but failed to predict some peculiar
amplitude drop-off behavior observed in the experiment. In these cases the response
was found to be very sensitive to small changes in initial angle. of attack. For the
suspended cable, both structural nonlinearity due to tension and aerodynamic
nonlinearity had to be considered. The agreement between theory and experiment was
good for the frequency response but only qualitative for the amplitude response.
UNCLASSIFIED
Security Classification
--
_ 
_ 
I DD I nov..1OIY'473
UNCLASSIFIED
Securitv Clnsificton
KEY WORDS
WIND EXCITED VIBRATION
VIBRATION OF SQUARE BEAM
VIBRATION OF SQUARE SECTION SUSPENDED CABLE
CABLE VIBRATION
SELF-VIBRATION OF SUSPENDED CABLE
UNCLASSIFIE1
1. 1 4
LItNK A
ROL
-W.
LIFK 
. _
-1
mI
ROL
LtHK C
Kz_ TC, L
:i
WT
I
· '
.
-]
ua _ _rcueH er~~
I
--
--
I Z
Ll[I. 
mm
m m
F
m 
I
_ _
--- ~ ~
c
D)
MITl-ibraries
Document Services
Room 14-0551
77 Massachusetts Avenue
Cambridge, MA 02139
Ph: 617.253.5668 Fax: 617.253.1690
Email: docs@mit.edu
http://libraries.mit.edu/docs
DISCLAIMER OF QUALITY
Due to the condition of the original material, there are unavoidable
flaws in this reproduction. We have made every effort possible to
provide you with the best copy available. If you are dissatisfied with
this product and find it unusable, please contact Document Services as
soon as possible.
Thank you.
Some pages in the original document cont in pictures,
graphics, or text that is illegible.- -....
